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TROPICAL HOPF MANIFOLDS AND CONTRACTING GERMS 


MATTEO RUGGIERO AND KRISTIN SHAW 


Abstract. Glassical Hopf manifolds are compact complex manifolds whose universal covering 
is \ {0}. We investigate the tropical analogues of Hopf manifolds, and relate their geometry 
to tropical contracting germs. To do this we develop a procedure called monomialization which 
transforms non-degenerate tropical germs into morphisms, up to tropical modification. A link 
is provided between tropical Hopf manifolds and the analytification of Hopf manifolds over 
a non-archimedean field. We conclude by computing the tropical Picard group and (p, q)- 
homology groups. 


Introduction 

This paper deals with a tropical analogue of the classical construction of Hopf manifolds. 
In complex geometry, Hopf manifolds are dehned by the property that their universal covering 
space is \ {0}. Equivalently, they are obtained as a quotient of \ {0} by a free and properly 
discontinuous action of a group G. When the group G is infinite cyclic, the resulting Hopf manifold 
is called primary. In this case G is generated by a contracting automorphism / : ->• C'^ fixing 

the origin. A complex primary Hopf manifold of dimension n is diffeomorphic to 5^”“^ x S^. All 
Hopf manifolds are finite quotients of primary Hopf manifolds. 

The construction of (primary) Hopf manifolds is locals meaning up to biholomorphism the 
variety X{f) associated to a contracting automorphism fixing the origin / : (C‘^,0) -»• (C'^,0) 
depends only on the conjugacy class of the germ of / at the origin. Hence the classification of 
primary Hopf manifolds coincides with the classification of germs of contracting automorphisms of 
(C‘^,0). This type of classihcation is known as Poincare-Dulac normal forms, see |Ste571 IRR881 
IBer06| . These normal forms allow a detailed study of the dynamical features of contracting 
automorphisms, and also the geometry of Hopf manifolds. 

Hopf manifolds are among the easiest examples of non-Kahler (hence not projective algebraic) 
compact manifolds. For this and other reasons, analogous constructions have been studied in 
rigid geometry, see |Vos91| . 

Here we consider a natural construction for tropical Hopf manifolds. Denote by T = Mu {oo} 
the tropical semi-held with min-plus conventions. To simplify notation, oo is also used to denote 
(oo,..., oo) 6 T". 

The hrst example of a tropical Hopf manifold, is the quotient of T‘^\{oo} by the translation 
Ta '■ (T'^,oo) -!► (T‘^,oo) by a vector a, with strictly positive entries. Then for a neighborhood U 
of oo we have Ta(U) is strictly contained in U. 

This case will be referred to as diagonal tropical Hopf manifolds. Monomial Hopf manifolds are 
quotients of T‘^\ {oo} by a contracting automorphism F :T‘^ ^ A contracting automorphism 
F : T" ^ T" is the extension of an integer affine map M" ^ M" which is a permutation of 
coordinates composed with a translation, such that F{U) c U for any neighborhood {7 of oo. 

More generally a tropical Hopf data is a pair (A, F) where A £ T” is a neighborhood of oo 
of a tropical subvariety obtained from via a tropical modihcation, (we call A a germ of a 
tropical subvariety) and F : T" ^ T" is a contracting automorphism of T" such that F{X) c A. 
A tropical Hopf data (A, F) produces a tropical Hopf manifold S{X,F) by considering the 
quotient of A\{oo} by the action of F. 
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Call a subset F £ T" a cone if there is a vector with strictly positive entries w € (K*)” such 
that if p € X then p + Xw 6 X for any A € T. Then it is possible to characterize tropical Hopf data 
as follows. 


Theorem A. If (X, F) is a tropical Hopf data then X is a neighborhood of a cone tropical variety 
V. In particular, the map F is a global automorphism of the tropical variety V. 

Also, the tropical Hopf manifold obtained from (X,F) is the finite quotient of a tropical mod¬ 
ification of a diagonal tropical Hopf manifold. 


From the dynamical point of view, we are also interested in the relation between tropical 
Hopf manifolds and contracting automorphisms defined over a field K with non-archimedean 
valuation. Assume we have a contracting automorphism f : (A^,0) ^ (A^,0), and denote by 
/ : (T'^, 00 ) ^ (T'^, 00 ) its tropicalization. We shall call such a tropical map a weakly non¬ 
degenerate contracting germ. In general, / need not be an automorphism of T'^. In this case, we 
may ask if there is a tropical modification tt : X -»• so that / lifts to a map F : X ^ X which 
is an automorphism. 

In general we see that this is not possible, at least with only a finite number of modifications, 
see Example |3.46[ Nonetheless, we show that it is always possible to lift a map in a non- 
dynamical way. In other words, we show that there is a (canonical) way to represent any (weakly 
non-degenerate) tropical germ / : (T'^, 00 ) ^ (T'^, 00 ) as a morphism F ■■ X ^ Y where X, Y are 
modifications of and F is an isomorphism in a neighborhood of 00 . See Definition 1.9 for 
modifications, strict transforms and the exceptional locus. 

Theorem B. Let f : (T'^, 00) ->• (T'^, 00) be a tropical weakly non-degenerate germ. Then there 
exists two regular tropical modifications tt : X -> (T‘^,00) and rj ■ Y ^ (T'^,00), and a tropical 
isomorphism F ■ X ^ Y such that f o tt = rj o F on the strict transform St(7r) in a suitable 
neighborhood of 00. 


If the two modifications tt and p coincide, and F is a contracting automorphism, then (X, F) 
is a (virtually regular) Hopf manifold (see Example 3.331. However, in general it is not possible 
to choose modifications tt and p so that they coincide. In this case we obtain the following result. 


Theorem C. Let / : -»• be a tropical weakly non-degenerate germ at 00 obtained as the 

tropicalization of a global automorphism f : A‘^ ->• A‘^. 

Then there exists a (possibly infinite) sequence of regular tropical modifications : 

l/jy(i+i) -j. with satisfying the following properties. Denote by o 

• •• o ^(""1) : ^ the composition of the first n modifications, and by -»• 

the inverse limit of (/i*-"^). There exists an automorphism h^°°^ : ->• such that 

o/i(~) on the inverse Zfmif limSt of the strict transforms o/T'^ by 


If / is contracting and the sequence of modifications is finite, then the data given by Theorem 
0 gives rise to a tropical Hopf manifold. If it is not the case, we can still consider the quotient 
of (a pointed neighborhood of 00 of) by the action of h^°°\ obtaining what we call a 

non-compact tropical Hopf manifold. 

In dimension 2, we give a classification of contracting germs / : ->• for which the mono- 

mialization procedure from Theorem [B] produces a tropical Hopf data of dimension 2. 

As mentioned above, Hopf surfaces have been considered also over non-archimedean fields. 
In order to make a connection between these surfaces and the tropical surfaces, we begin by 
looking for realizations of the Hopf data (X, F). Let K be an algebraically closed field, and vq a 
non-trivial valuation on K. As an example, consider IK = C(t) the field of Puiseux series over the 
complex numbers, and vq the t-adic valuation. We denote by A” the affine space of dimension n 
over the field K. 

A realization of (X, F) is a pair (X, F) such that 

(a) X is the image of an embedding i: (A'^, 0) ^ (A", 0); 

(b) F : (A",0) -s- (A",0) is a contracting automorphism satisfying F(X) = X; 
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(c) Trop(X) = X and Trop(F) = F; 

in this case we say that {X,F) is realizable by (X,F), see Definition 4.3 It turns out that 
realizations of compact tropical Hopf manifolds do not exist except in very special cases. For 
example, we prove the following in dimension 2. 


Theorem D. Let (X, F) be data for a tropical Hopf surface where X c T" is not homeomorphie 
to and F : T" ->• T" is a contracting automorphism. Suppose {X,F) is realizable by a Hopf 
surface defined over K &?/ a germ f defined over K. Then f is conjugate to (x,y) (ax,/Iy) 
where vo{a), vo{j3) > 0 and = (3^ for some k,l eW. 


A topological classification of the compact 2-dimensional tropical Hopf data which are realiz¬ 


able is given in Theorem 4.7 


In dimension 2, we can also go in the other direction, meaning from any analytic Hopf data to 
a tropical one. Starting from a germ f : (A‘^,0) -!► (A'^,0) we consider a sequence of embeddings 
ik ■ (A‘^,0) ->■ (A"''',0). In general, it may be that none of these embeddings are invariant under 
a monomial map on A"* which induces f. The next theorem gives a way to go from the analytic 
Hopf surfaces to tropical ones even in the non-compact case. 


Theorem E. Let M. be a non-trivially valued algebraically closed field, and f : (A^,0) ->• (A^,0) 
a germ of a contracting automorphism. Denote by X(f) the analytic Hopf surface associated to 
f. Then X(f) retracts to a tropical Hopf surface, whieh is non-compact iff is a resonant germ. 

For any embedding j: A^^ ^ A” one obtains a map pi : Af„ Trop(i(A'^)), following |Pay09| , 
where A^,.^ denotes the analytification of affine space of dimension d over K in the sense of 
Berkovich. Under suitable conditions on the tropicalization, this map admits a canonical section 
from a subset U c Trop(i(A‘^)) back to Af^ (see [G^WTS]). To prove the above theorem, we first 
construct a possibly non-compact tropical Hopf surface as a limit of the tropicalizations of an 
infinite sequence of embeddings. Then we combine the two results above and take the dynamics 
into account. 

Lastly, we consider both the tropical Picard and (p, q)-homology groups of diagonal tropical 
Hopf manifolds. These invariants are analogous to the classical situation, in the sense described 
below. 


Theorem F. Let S be a diagonal tropical Hopf manifold, then Pic(5') = T*. Moreover, every 
tropical line bundle on S has a section. 

However, it turns out every line bundle on a tropical Hopf manifold always has a section. This 
is not the case for classical Hopf manifolds |Dab82[ Theorem 3.1] 

Upon computing the (p, g)-homology groups of diagonal tropical Hopf manifolds we see that 
their ranks are the same as the ranks of the Dolbeault cohomology of a Hopf manifold, |Ise601 
Theorem 4(c)]. Therefore, we obtain a simple counter-example to Conjecture 5.3 from [MZ14] 
which says that = H‘^’P{X) for a tropical manifold X. 

The paper is organized as follows. In Section we give some basics on tropical geometry. 
Section deals with the construction of tropical Hopf manifolds in the compact case, proving 
Theorem In Section we provide a connection between tropical germs and tropical Hopf 
varieties, and prove the monomialization results Theorem and Theorem We specialize the 
situation at dimension 2 giving an explicit classification of tropical germs which can be lifted 
to automorphisms. In Section]^ we study the link between tropical and analytic Hopf varieties, 
proving Theorem 0 and Theorem |4.23| Finally in Section we compute some geometrical 
invariants for tropical Hopf manifolds. 
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1. Basics 


1.1. Tropical algebra. 

The tropical semi-field is T = Ku{oo} equipped with two operations: addition and minimum, 
which is denoted x a y := min{a::,y}. This is isomorphic to the max-plus algebra IR u {- 00 } via 
the map x i->- -x. Here we use the minimum convention because we work with fields with a 
non-archimedean valuation. 

A tropical polynomial function P: T" T is defined using the above operations, 

P{xi,...,Xn) = A {ai + (I,x)), 

/eA 

where A is a finite subset of N", and (,) denotes the standard inner product on R" extended to 
T" with the usual conventions. These are concave piecewise integer affine functions. 

Let IK be a field equipped with a non-archimedean valuation i^q. In the rest of the paper, we 
will consider the following examples. 

• K = C((t)) the field of Laurent series over C, endowed with the t-adic valuation iaq defined 
by iyo{t) = 1. 

• Its algebraic closure K = C{t) the field of Puiseux series over C. 

• The completion of C{t) with respect to the t-adic valuation (which turns out to be also 
algebraically closed). 

• Let k be any algebraically closed field endowed with the trivial valuation. We consider 

K = k((t'®)) (resp., IK = k((t‘®))) the field of transfinite series over k with real (resp., 
rational) exponents (sometimes also called Hahn series). They are generalized series of 
the form where Ofc € k, and the set {fc € R | aj, 0} is well ordered (see [Tei081 

Section 2] and references therein). 

Notice that, up to taking a field extension, we may always assume that the value group of vq 
is R. 

Given P e IK[xi,...,x„], we define its tropicalization P = Trop(P) e T[a:i,..., Xn\ as follows : 

if P(x) = ^ a/x^, then P{x)= /\{vo{a.i) + {I,x)). 
liA /eA 

1.2. Tropical varieties. The space T = (- 00 ,+ 00 ] is equipped with the topology whose open 
sets are generated by the euclidean topology on R and the sets of the form (a,+ 00 ] with a 6 R. 
The tropical affine space of dimension n is denoted by T”, and we use simply 00 to denote the 
point ( 00 ,..., 00 ). The space T" is stratified in the following way: a point x € T" is of sedentarity 
/ £ {1,..., n} if Xi = 00 if and only if i € J. The subset of points of T" of sedentarity /, is denoted 
R” and can be identified with R”“l'^l. Denote the closure of R^ in T" by T”. 

Introductions to tropical varieties in R” can be found in |MS15j or [Mik06| and tropical varieties 
in T" in |BIMS15| . 

Definition 1.1. A tropical subvariety of R” is a pure dimensional finite rational polyhedral 
complex V c R" equipped with positive integer weights on its top dimensional facets and satisfying 
the balancing condition (see |MS15[ Section 3.4]). A tropical subvariety V of T” of sedentarity I 
is the closure in T" of a tropical subvariety V° of R^. A tropical subvariety of T" is a union of 
tropical subvarieties of T" of possibly different sedentarities. 

Here we will use tropical stable intersection with linear spaces to define a notion of non-singular 
tropical subvariety in T" (see [MikOfi] . |MS15) L 

Let V c T" be a tropical variety and L a tropical linear space of complementary dimension 
and empty sedentarity. For a point x of empty sedentarity let Wx{V ■ L) denote the weight of the 
point X in the tropical stable intersection of V and L. Also define the total intersection number 
to be 

\V-L\-.= Y. 
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In what follows, we say a linear space in A" is generic if upon compactifying A” to KP" the 
closure of the linear space intersects all intersections of coordinate hyperplanes in the expected 
dimension. Similarly, a generic linear space through 0 in A" if upon compactifying A" to KP” the 
closure of the linear space intersects all intersections of coordinate hyperplanes in the expected 
dimension, with the exception of 0 e A" c KP”. 

Definition 1.2. Let 1/ c T” be a tropical variety of sedentarity 0 of codimension k and x e V 
a point of sedentarity 0 . Let c T” be the tropicalization of a generic hyperplane in A” with 
vertex at x and denote the fcth self-intersection. Define the local degree at x to be 

degy(a;) = min{w 2 ,(D-(/)(L^)) | </) 6 GL„(Z)}. 

The local degree of D at oo is 

deg^(oo) = |I/.L'=|-|D.L^| 

where L c T” is the tropicalization of a generic hyperplane in A” and Loo ^ T” is the tropicaliza¬ 
tion of a generic hyperplane in A” passing through 0. 

A tropical variety V c T" is non-singular at a point x of sedentarity 0 or cc = oo if degy(a:) = 1. 
A tropical variety D c T” is non-singular if codimv(D n M") = |/| for all / ^ {1,... ,n} and it is 
also non-singular at oo and all points of empty sedentarity. 

Remark 1.3. The condition for D c T” to be tropically non-singular implies that the weights 
on its top dimensional faces are 1, but this is far from being sufficient. In fact, a tropical variety 
y c T” is non-singular at a point x of sedentarity 0 if there exists a neighborhood U of x in V 
which coincides with a neighborhood of a tropical linear space up to the action of an element of 
GL„(Z). 

Example 1.4. It is not clear how to properly define the notion of local degree at points of 
sedentarity 0 ^ f [n]. One suggestion is to take the minimum of the intersection multiplicities 
with linear spaces intersecting the tropical variety at that point. But this definition is inadequate. 

Take for example D c to be the union of two affine planes Vi, V 2 defined by xi = 0 and 
X 2 = X 3 respectively. These are two (non-generic) tropical linear spaces, hence at any point 
X eVi we ought to have degy.(x) = 1. But then at the point (0, 00 , 00 ) e Vi n V 2 the local degree 
degy(x) = 2, however the minimum positive weight of x in the stable intersection of V with a 
linear space can be seen to be 1 . 


1.3. Tropicalization of affine varieties. Let A” be the n dimensional affine space of a field K 
equipped with a non-archimedean valuation vq. Let vq ■ -A" T” also denote the coordinate-wise 
valuation map, with r'o(O) = 00 . Given a subvariety V c A”, the set r'o(V) can be equipped 
with the structure of a finite rational polyhedral complex of real dimension dim(V) and it can 
be equipped with weights on the top dimensional facets making it a tropical variety in the above 
sense, see |MS15) or Definition 1.6 below. 

The weight of a top dimensional face is given by the multiplicity of the tropicalization (Defini¬ 
tion 1.5) at any point x in the relative interior of the top dimensional face. This multiplicity can 
be described as follows. Let X c K[x] be the defining ideal of V where x = (xi,... ,x„). For any 
point X € r'o(V) n K” one can associate a so-called initial ideal of I at x, denoted lnx{X), (see 


|MS151 Chapter 3.4]). If x has sedentarity I then lnx{X) 


)|j ^ /]. In particular, if X is an 


ideal contained in (xi,i € I), then for any x of sedentarity containing J, we have lnx{X) = 0. 


Definition 1.5. Let V c A” be a subvariety and let x € z/o(V) c T” be of sedentarity I. Suppose 
V = V(I) is defined by some ideall. The multiplicity of the tropicalization at x, denoted mv(a^), 
is the number of irreducible components of the special fiber of the variety in (K*)”“l^^ defined by 
lnj;{X) c K[x*|j i /] counted with multiplicity. 

In particular, if the initial ideal at x is zero then mv(a^) = 1. We can finally define the 
tropicalization of an affine variety. 
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Definition 1.6. Given a subvariety V c A”, its tropicalization Trop(V) c T", is the set i'o(V) 
with the weight of a top dimensional face E given by mv(x) for x in the interior of E. 


The weighted rational polyhedral complex Trop(V) satisfies the balancing condition, therefore 
it is a tropical subvariety of T". However, not every tropical variety is obtained in this way. 
Determining which ones are is known as the “realizability” or “approximation” problem, and has 
been studied in various cases such as, tropical curves in M" |Spel4| , tropical linear spaces |Spe08| 
and curves in tropical surfaces, see |BK12) . |BS15| . 

For V c A", if Trop(V) is non-singular as described in Definition 1.2 then = 1 for 

each top dimensional face of Trop(V). The next proposition states that the same is true for the 
multiplicity of faces of Trop(V) of higher codimension as well. 


Proposition 1.7. Let V c A" be a tropical subvariety and suppose that Trop(V) is non-singular 
at X a point of empty sedentarity, then mv(x) = 1. //V c A" is non-singular then m-v{x) = 1 
for all X . 


Proof. Let I be the defining ideal of V and suppose that Trop(V) is non-singular at a point a; € T" 
of sedentarity 0 . Let Va, c be the variety defined by the initial ideal Ina;(I) c K[x*. . Its 

tropicalization Trop(Va,) is a fan tropical variety and a neighborhood of x € Trop(V) coincides, as 
a weighted fan, up to translation with a neighborhood of the origin of the fan Trop(Va;). Since 
Trop(V) is non-singular at x, by Remark 1.3 it coincides with weights with a tropical linear 


space up to some integer affine map (f>. Therefore, the initial ideal Ina;(I) is defined by degree 


one equations in the monomials x° 


,x“ for some ak e Z". The integer vectors 


together with the standard basis vectors for i e I form a Z" basis. Up to the coordinate 
change given by (j) this ideal is a linear ideal in xi,... ,Xji. Therefore, the initial ideal at x has 
exactly one component counted with multiplicity and tov(x) = 1. This proves the first part of 
the proposition. 

For the second part, by the assumption that V is non-singular, it intersects K" properly for 
all I + {1,... ,n}. In this case, if a point x of sedentarity I is contained in the relative interior of 
a face A of V, then there is a unique face of sedentarity 0 of U such that A = A^ n T”. Let 
X 0 be a point in the relative interior of A^. Then the initial ideal of x is given by specializing 
the initial ideal of the point X 0 by setting = 0 for all i e I. Since by above In 2 ,^(I) is a linear 
ideal, it follows that x has multiplicity 1 as well. If V contains oo the multiplicity of the initial 
ideal at oo is 1 by convention. Thus the proposition is proved. □ 


Given an affine variety X over K, a tropicalization depends on the choice of embedding to A”. 
Because of this we sometimes refine our previous notation to make the embedding explicit. 

Definition 1.8. Let * : X ^ A" be an affine embedding. The tropicalization of X with respect 
to i is the polyhedral complex 

T^{X) :=Trop{t{X)) = no{i{X)), 

equipped with positive integer weights rriipx.) (E) on the top dimensional faces F as in Definition 

\m 


1.4. Tropical morphisms. Morphisms between tropical varieties U c T" and U c T™ are 
extensions of tropical monomial maps K" ^ K™, in other words integer affine functions. Such 
maps are tropicalizations of toric equivariant maps (K*)" (K*)". If an integral affine map 

F : K" K™ extends to T" -*■ T™ means that F preserves the sedentarity of the points in T” in 
the sense that s(x) < s(/(x)). In particular, if n = m and / is invertible and linear then / must 
be a permutation of the standard basis vectors ei,..., e„ composed with a translation. 

Notice that tropical polynomial maps are not in general morphisms of tropical varieties. The 
image of a tropical variety under a tropical polynomial map may not satisfy the balancing con¬ 
dition. Our proposed solution to this is a monomialization procedure (see Section 3.3), relying 
on tropical modifications. 
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1.5. Tropical modifications. Tropical modifications were first introduced in |Mik06j . another 
introduction can be found in |BIMS15j . Given a tropical subvariety 1/ c T” and a tropical 
polynomial function P : T" T, a regular tropical modification is a map ttp V V, where 
V c is a tropical variety to be described below and ttp is simply the linear projection of 
'j’n+i kernel generated by e„+i. To obtain the tropical variety V, start with the 

graph rp(y) of the function P restricted to V. The graph inherits weights on its facets from 
V. However, in general, the graph is not a tropical variety; it may not be balanced in the e„+i 
direction since P is only piecewise integer affine. At every codimension 1 face of rp(H) which fails 
to satisfy the balancing condition, add a new top dimensional face containing the Cn+i direction, 
equipped with the unique positive integer weight so that the balancing condition is now satisfied. 
The divisor of the function P restricted to V, divy(P) c V, is the image under ttp of these newly 
added faces equipped with the weights they were assigned in V. 

Definition 1.9. Given a tropical variety H c T" and a tropical polynomial function P : T" -*■ T, 
the map np : V ^ V where ttp and V are described above is the regular modification ofV along 
the function P. The divisor divy(P) c H is a tropical variety, of codimension 1 in V, whose 
support is the points of V where the map ttp : V ^ V is not 1-1. The weight function on the 
facets of divy(P) is induced from the weights of V. 

We denote by Exc(7rp) = 7rp^(divy(P)) the exceptional locus of ttp, which is the locus where 
TTp is not 1-to-l; and by St(7rp) = Tp the strict transform of ttp, which can be seen also as the 
closure of t/\Exc(7rp) in 

Given two divisors divy(Pi) and divy(P 2 ), then divy(Pi) + divy(P 2 ) = divy(Pi + P 2 ). In 
terms of polyhedral complexes divy(Pi + P 2 ) is supported on the union of divy(Pi) and divy(P 2 ) 
with refinements and addition of weight functions where necessary. 

Tropical division corresponds to usual subtraction, so a tropical rational function is the dif¬ 
ference of two tropical polynomial functions, P = Pi - P 2 . The divisor of a rational function is a 
tropical cycle defined as divy(P) = divy(Pi) - divy(P 2 ). As a cycle divy(P) may be effective 
even if Pi - P 2 does not coincide with a tropical polynomial. In this case, we can again define 
the modification of V along the rational function P, see jShalSl Example 2.28]. These will be 
referred to as rational tropical modifications. 

Notice that ttp is 1 - 1 outside of the exceptional locus Exc( 7 rp), and the divisor divy(P) 
determines the polyhedral complex V c up to translation in the 6^+1 direction. Therefore 
it is common to say that we consider the modification along the divisor divy(P). In general, we 
refer to a modification as any composition of regular or rational modifications, and to a regular 
modification as the composition of modifications along tropical polynomial functions. 

A modification of a tropical variety should be thought of as taking the graph of a function 
restricted to a tropical variety. In the tropical world this operation changes the topology of the 
space, although the modification is still related to the original space via a retraction map. A 
concrete relation between tropical modifications along regular functions and graphs of functions 
restricted to varieties over K is given by the next proposition. 

Proposition 1.10. Let V = Trop(V) c T" be the tropicalization of a variety V c A" and 
P : T” ^ T &e a tropical polynomial. Denote by tt : V ->■ V the regular modification along the 
function Pjy. Then for a generic choice of polynomial P e K[xi,... ,x„] such that Trop(P) = P 
we have that Trop(rp|.^) = V, where rp|.^ c denotes the graph of the restriction o/P to V. 

Proof. Consider the cylinder V' over V in A"^^, in other words V' it is defined by the same ideal 
as V but considered over K[xi,... ,x„+i] instead of the polynomial ring in only n variables. Now 
take a function P € IK[xi,... ,x„] tropicalizing to P, and consider the hypersurface Vx„+i-p c 
A"^^. It is clear that the graph of Pjv satisfies rpj.,^ = V' n Vx„+i-p. Similarly, let tt : E P 
be the regular tropical modification along the function P, then V = Trop(V') • Trop(Va;^^j_p) 
where denotes again the tropical stable intersection. By [OP13I Theorem 5.3.3] the tropical 
stable intersection Trop(V) •Trop(U) is equal to Trop(VnU') for U' a generic toric translate of 
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U. For hypersurfaces Vp this boils down to making a change of coefficients of P so that we still 
obtain the same tropical hypersurface. Thus the cycle V which is the result of the modification 
TT is the tropicalization of the graph Fpj.^ for a generic P tropicalizing to P. □ 

By repeatedly applying the above proposition we have the following: 

Corollary 1.11. For a generic choice of functions Pi,...,Pr. 6 K[xi,...,x„] tropicalizing to 
tropical polynomial functions Pi,... ,Pr ■ T" T respectively, let Fp^ c A”^’' denote the graph 
of hP along the r functions Pfc, k = l,...,r. Then Trop(Fp|^„) = V where t: : V ^ T" is the 
composition of the regular modifications along the functions Pi,..., Pr. 

The above corol lary will be used when we consider the monomialization of tropical germs 
in Section O 


1.6. Abstract tropical spaces. Tropical Hopf manifolds are not affine. To make sense of these, 
we need abstract tropical spaces, first introduced in |Mik06j . 


Definition 1.12. A d-dimensional tropical space A is a Hausdorff topological space equipped 
with an atlas of charts {{Ua,(j)a)}, with (fa ■ Ua ->■ Va ^ T'^“ open embeddings, such that the 
following conditions hold. 

(a) For every a, the set Va is a d-dimensional tropical variety in ; 

(b) For any a, j3, the overlapping map = (fpocff^ : (faiUaf^Ug) ->• (j)p{Ua<^Up) is the restriction 

of an integer affine linear map ^ (he., a continuous extension of an integer affine 

linear map Moreover, the weights of Vd and Vp must agree on the overlaps; 

(c) X is of finite type, i.e., there exists a finite covering {Wk) of X, subordinate to the covering 
{Ua) (i.e., for any k there exists a such that £ Ua), so that (fa{Wk) c (faiUa) 

The tropical space X is non-singular, and sometimes called a tropical manifold, if the d- 
dimensional tropical models Va in condition (a) are non-singular. 


Remark 1.13. In Section [375| we consider “non-compact” Hopf manifolds, which are tropical 
manifolds in a weaker sense. In particular, they admit atlases that do not satisfy the finite-type 
condition (c) of Definition 1.12 but a local finite-type condition, where the covering (Wk) is only 
required to be locally finite. 


2. Tropical Hopf manifolds 

This section defines tropical analogues of the classical construction of Hopf manifolds, intro¬ 
duced in |Hop48| . See also [BHPVdVOll Section V.18] for Hopf surfaces, and |Ise60l lKat79j for 
Hopf manifolds in higher dimensions. 

2.1. Monomial case. As a first example, consider the following construction. Let F : 
be a linear (invertible) monomial map, i.e., a map of the form 

F(^Xi, ... ,Xd') — (^cr(l) ; ■ ■ • ; ^cr{d) ^cr{d) ); 

where cr is a permutation of {1,..., d} and aj e M. Denote by s the order of cr. 

Assume that F is contracting, meaning that for any neighborhood U of oo e there exists a 
neighborhood V £U such that F{V) d V (i.e., f{V) is relatively compact inside V, or equivalently 
F{V) c V). In this case, F is contracting if and only if 

S 

h=l 

for all k = 1,..., d. One can check that the 5-th iterate of F has the form 

F^{xi,...,Xd) = {xi + al,...,Xd + ad)- 
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Set K = ]k;((t®)) the field of transfinite series with real exponents, endowed with the t-adic 
valuation vq and norm 1-10 = Let be the affine space over K. Notice that a map 

F as above is the tropicalization of a linear monomial map F : A'^ ^ A'^ given by 


^(^ 1 ; ■ ■ ■ ; ) (^(7(1) 1 ) : ■ ■ • : ^(7(d) ^(T{d) ) ; 

where t'oCoi) = ai. The map F is diagonalizable and moreover, |q;^|q = |n^=i acr'*(fe)|Q < 1 implies 
that the eigenvalues of F all satisfy |A|g < 1, which is the usual condition to be a contracting map. 

We now construct a fundamental domain for the action of F on T'^. Let L c be the closure 
in of a F-invariant affine line in Such a line is easily found by tropicalizing an eigenvector 
of F. Namely, the line L is of the form, 

' Xi+^l Xd+ Pd 


for suitable /3i,..., /3d e 1 


Set 
Uk = 


L = 


Xk ■*" Pk Pj 


for all jAt fc !• c T' 


K = b: 


Notice that Ufc Uk = T'', flfc Uk = L, and F{Uk) = U^r-i^k)- 

We now pick values € R satisfying b~ = {bj,... ,bd) e L (for example b^ = -Pk), and 

'a{k) + so that 5+ = (6(;,...,62) = F{b-) e L. Set 

Wk = . .,Xd)iUk \bl<Xk< b^}, 

Wk = {ixi,...,Xd) €Uk\xk = bl}, 

^k = {ixi,...,Xd) €Uk\xk = bj.}. 


It is easy to check that F{W^) = and W ■= Ufe Wk is a fundamental domain for F. 

Definition 2.1. The couple (T‘^,F) is called a tropical (monomial) Hopf data. The tropical 
manifold S'(T‘^,F) defined as \ {oo}/(F), or equivalently by WI{F), is called the tropical Hopf 
manifold associated to the tropical Hopf data If the map F : -*■ is simply a 

translation, then we say (T'^jF) is a tropical diagonal Hopf data. 


Example 2.2. Set G{xi,X 2 ) = {xi +1,X2 +\/2). This translation gives rise to a tropical diagonal 
Hopf data (T^,G), depicted in Figure lA The quotient of by this action is diffeomorphic to 
a compact cylinder. 

Consider now the map F{xi,X 2 ) = (x 2 + 3,a;i - 1). It is obtained as the composition of a 
translation by the vector (-1,3) followe d by the map (xi,X 2 ) {x 2 ,xi). The tropical monomial 

Hopf data (T^, F) is depicted in Figure IB The quotient of by this action is diffeomorphic to 


a compact Mobius band. 

Notice that if we iterate F two times, we get F‘^{xi,X 2 ) = (a;i + 2,a:2 + 2), which is a contracting 
diagonal map. It follows tha t the diagonal Hopf surface S'(T^, F^) is a 2-to-l covering of the Hopf 
surface S'(T^,F), see Figure 1C 


2.2. General case. We now generalize the construction above, by starting with a non-singular 
germ of a tropical subvariety X of T" which is invariant under the action of a monomial map 
F: T” -> T". Recall the definition of non-singular tropical varieties from Section [L2l By a non¬ 
singular germ of a tropical subvariety, we mean the intersection of a tropical subvariety V c T" 
with a sufficiently small neighborhood of 00 in which V is non-singular. 

The tropical Hopf manifolds we construct are all submanifolds of tropical monomial Hopf 
manifolds. In complex geometry, every Hopf manifold appears as a submanifold of a primary 
Hopf manifold (see |Kat791 Proposition 1]). 

Definition 2.3. A tropical Hopf data is a couple {X,F) where AT £ T” is a non-singular germ of 
a tropical variety obtained from a modification tt : At -»• and F : (T", 00 ) ^ (T", 00 ) is a linear 
monomial contracting map such that F{X) c X. 











oo 


T2 


Wi 



( 0 . 0 ) 


(A) diagonal 



F(Wi) 

W2 


Figure 1. Tropical monomial Hopf surfaces. 


Definition 2.4. Let {X,F) be a tropical Hopf data, and W the fundamental domain for F 


T" -*■ T" constructed as in Subsection 2.1 Then VF n X is a fundamental domain for F\x, and 
the tropical Hopf manifold S{X,F) associated to {X,F) is the quotient of IF nX by the action 
of F\x- 

Remark 2.5. In the classical setting, one can consider contracting germs f : (X,0) (X, 0) at 

a normal isolated singularity (X, 0). The existence of such a dynamical data gives restrictions on 
the geometry of the singularity. Indeed, in dimension 2 it has been proved in [FR14] that a normal 
surface singularity (X,0) admitting a contracting automorphism is quasi-homogeneous. Up to 
finite quotients, quasi-homogeneous surface singularities are obtained by contracting the zero- 
section of a negative degree line bundle over a curve E. The induced “singular Hopf manifold” 
associated to such dynamical data can be a Hopf surface, a Kodaira surface, or of Kodaira 
dimension 1 according to the genus of E (see |Kat78| . |BHPVdV041 Section V.5]). 

The tropical constructions in this section can also be easily generalized to this singular setting. 
If needed in the following, we shall refer to regular tropical Hopf data as the ones as described 


by Definition 2.3 and to singular tropical Hopf data as a couple {X,F) as in Definition 2.3 but 
without the assumption of non-singularity of X. 

Moreover, sometimes the tropicalization X of a variety X is not non-singular even if X is 
non-singular. The singularity of the tropicalization is given by a “bad” choice of the embedding 
defining it (see |CM14| for techniques to avoid this problem for planar curves). We refer to the 
case when a tropically singular X in Defini tion|2.3| comes from the tropicalization of an embedding 
as the virtually regular case (see Example 3.33). 


Example 2.6. Consider the non-singular tropical surface X c T" consisting of a single 1- 
dimensional face which is the line a(!,...,!) € T", and n faces of dimension 2 equipped with 
weight 1. These faces are defined by 

Ak '■= {xk >Xi = Xj \ i + j + k + i\ 

for k = 1,..., n. The set X is invariant under translations by (!,...,!). 

Consider the linear monomial map 

F{xi,...,Xn) = {Xa(l) + a,...,X^(ri) +«), 

where a € (0,oo) and cr is a permutation of {!,...,n}. Then F{X) = X, moreover F{Ak) = 
s-iid F is a contracting contracting linear monomial map. 

A fundamental domain for F\x is given by 

d 

W = [J Wk, Wk = {x e Ak \ 0< Xj < a for all j + k}. 

k=l 

The tropical Hopf surface associated to (X, F) is given by taking the quotient of W (or of 
X\{oo}) by the action of F. 


10 







































Notice that ■■ X ^ X is just a translation by s(a ,... ,a). Therefore the tropical Hopf surface 
above is a quotient of {X\{oo})/{F^), which is a tropical modification of a standard diagonal 
Hopf surface in the following sense. 

Definition 2.7. Let {X,F) and {X,F) be tropical Hopf data such that X c X cT‘^ and 
TT '■ X ^ X is a tropical modification. If tt o T’ = o tt, then (X, F) is called a modification of the 
Hopf data {X, F). 

Remark 2.8. If {X, F) is a modification of the Hopf data {X, F) then S{X, F) is a modification 
of the abstract tropical Hopf manifold S{X,F) in the sense of [MikOBl Section 3.4]. 

Proposition 2.9. Any tropical Hopf manifold is obtained as a finite quotient of a modification 
of a tropical diagonal Hopf manifold. 


Proof. Let {X,F) be any tropical Hopf data. By definition, F = a o t, where r is a translation 
and cr is a permutation. If s is the order of tr, then F^ is a translation. Notice that the tropical 
Hopf manifold S{X,F^) covers s-to-1 the manifold S{X,F). Hence up to finite quotients we 
can assume that F is simply a translation. Recall there is a modification t: : X ^ T'^, given 
by the definition of the tropical Hopf data. Then by Definition 2.7 the Hopf data {X,F^) is a 
modification of (T'^, /) where / is a translation in □ 


2.3. Explicit construction. In this section we give an explicit construction of (possibly singu¬ 
lar) tropical Hopf data {X,F). In particular, we describe the geometry of the total spaces X 
that arise in the Hopf data. 


Definition 2.10. Let H c T" be a (possibly singular) tropical variety of dimension d. Let 
w = (wi,... ,Wn) 6 (K*)" be a vector of strictly positive entries. We say that H is a cone along 
w if 

p&V => p+Xw€V VAeT. 


Remark 2.11. Firstly, notice that if F is a cone along w, it will be a cone along kw for any 
fc > 0. Secondly, notice that a tropical variety V could be a cone along different directions. A 
trivial example is given by F = T", then T" is a cone along any direction w. 

The non-uniqueness of the cone directions implies that F contains a linearity space of dimension 
> 2. However when the linearity space is 1-dimensional then by the rationality of F, we can assume 
up to taking a scalar multiple of w, that it is a primitive vector of strictly positive integer entries. 

Notice that if F is a cone along the weight w, then the map F{x) = x + Xw with A > 0 defines 
a contracting map which leaves X invariant, so that (F, F) is a (singular) Hopf data. The next 
proposition also implies that, up to replacing F by an iterate, all Hopf data are of this form. 
Together Propositions |2.12| and |2.9| complete the proof of Theorem 

Proposition 2.12. Let {X,F) be a (singular) Hopf data, then X is a neighborhood of a cone 
tropical variety V. 


Proof. If {X, F) is a possibly singular tropical Hopf data then A c T" is a neighborhood of oo 
of a d-dimensional tropical variety F and F = a o t, where cr is a permutation of the coordinates 
(cci,... ,Xn) of T" and r is a translation by a vector a = (oi,... ,a„) e K”. 

Let s be the order of cr, then F'^ is a translation by a vector w = (wi,... ,Wn), where Wk = 
cr^(ofe). Since F is contracting, we infer Wk> 0 for all k. 

It follows that for any p € A, the point Ph ■= P + hw e A for any d € N. Since A has a finite 
number of faces, it follows that there exists m > 0 such that the points {pmhj belong to the same 
face F of A. It follows that p + Xw € E c X for all A € (0, oo]. Then A is a neighborhood of a 
tropical variety F which is a cone along w given by allowing A e T". □ 


It follows from Proposition 2.12 that if A is the germ of a cone tropical variety F and (A, F) is 
a tropical Hopf data then the map F is also a global automorphism of F. Therefore throughout we 
assume that A is a tropical variety in T" not just a germ and that F acts on A by automorphism. 
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Remark 2.13. Let X £ T" be a cone along w € (N*)" a primitive vector with positive integer 
entries. We may consider the equivalence relation on T" \ { 00 } defined by 

(xi,...,Xn) (Aici + xi,..., Xwn + x„) for all A 6 K. 

Quotienting by this equivalence relation we get 

P^(X):=X\{oo}/~„ c T"\{oo}/~^=:TP:^-i. 

The latter space is the tropical analogue of the weighted projective space 

KP;^-! = \{0}/ (xi,...,x„) (A’^^xo,..., A“"x„) for all A 6 K*. 

Classically, weighted projective spaces are endowed with a natural orbifold structure. They are 
compactifications of A”"^ whenever min{wi} = 1. 

As in the complex setting, the tropical weighted projective space is not a smooth tropical 
manifold. It is rather endowed with a “tropical orbifold structure” (which have been introduced 
to study moduli spaces of tropical curves, see e.g. |ACP) L In this case, the orbifold structure is 
a generalization of Definition [m where the overlapping maps are rational linear maps, i.e. in 
GL„(Q), instead of integer ones. 

The action $ ; A" -!► A" given by $(xi,..., x„) = (x“^,..., x“") descends to the quotient and 
gives a map IKP”“^ IKP((,"^. Tropicalizing this situation, we get the linear map $ : T" ^ T" 
given by the diagonal matrix with entries w = (rci,The map $ sends cones along 
1= (1,...,1) to cones along w. The inverse of $ is a linear map defined over Q and of course 
sends cones along w to cones along 1. The maps $ and <I>“^ preserve weights and the balancing 
condition. 


Remark 2.14. Let {X,F) be a regular Hopf data. By Proposition 2.12 the tropical variety X 
is a cone along some direction w. Consider the space T = Pu,(X) as described in Remark 2.13 
In dimension d = 2, the quotient T is a tree. The metric on induces (not in a canonical 
way) a metric on T, which allows to distinguish between bounded and unbounded edges (called 
sometimes leaves). 

Analogous statements can be derived in any dimension d > 3. In this case T is a complex of 
dimension d- 1, homotopic to a point. 


3. Tropical Hopf manifolds and contracting germs 

In this section we relate the geometry of tropical Hopf manifolds with the dynamical features 
of tropical germs. 

3.1. Tropical germs. 

Definition 3.1. Let x = (xi,...,Xd) be a d-tuple of coordinates. A formal series in T |x] is a 
formal tropical sum 

Lp{x) = “ Y, = A (‘^/ + 

where (/?/ e T for any multi-index I e 

Definition 3.2. A formal power series (p eT |x] is convergent at 00 if there exists a neighborhood 
{7 of 00 such that ip\u is determined by a finite number of tropical monomials. We say that (j) is 
convergent on U. 

Let / : (T‘^, 00 ) -> (T“,oo) be a c-tuple of formal power series in d-variables. Denote by 
yi,... ,yc the standard coordinates in Then / is called convergent if y^o f ■. (T"^, 00 ) ^ (T, 00 ) 
is convergent for every j = 1,... , c. 

Example 3.3. Assume we are in dimension d = 1. The formal power series pii^x) = f\ (na + nx) 

n>l 

is convergent, since ipi{x) = a + x on {x > -a}. In particular, as a germ, (pi coincides with the 
translation by a. 
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Analogously, ^P 2 {x) = f\{-\ogn + nx) is convergent. Indeed, for all m > n, we have that 

n>l 

- log m + mx > - log n + nx if and only if a; > • Since this quantity is bounded away from 

oo, we infer that ip 2 is convergent. 

On the other hand, ^ 3 {x) = /\ {-n? + nx) is not convergent. Indeed, for all m > n > 0, we 

n>l 

have m{x - m) > n{x - n) if and only if a; > m + n. In particular (fisix) < n{x - n) whenever x < n. 
Hence if 3 {x) -> -oo for all a; e K, and (p 3 is not convergent. 

Proposition 3.4. A tropical formal power series (p(x) = /\{‘Pi + (x, /)) is convergent if and only 

I 

if there exists an analytic germ (p ■ Aj| -»• K such that (p = Trop(0). In this case all formal germs 
tropicalizing to tp are convergent. 

Proof. Denote by vq the valuation in K, and by | • |q = e~’'°^'^ the norm associated to vq. Since | • | 

is a non-archimedean norm, 0 = ^ is convergent if and only if there exists a real number 

/ 

a > 0 such that 0 for |/| ^ +oo, where / = e N'^ is a multi-index and 

|/| = ii + ■■■ + id- Notice that in this case the convergence radius r of the formal power series <p at 
0 satisfies r> a. 

Suppose (p is the tropicalization of a convergent germ (/>, satisfying the above condition. Then 
in the region {x 6 | Xj > a for j = 1,..., d}, where a = -log{a), the germ ip is given by a 

finite collection of monomials. To obtain the converse, it suffices to remark that the convergence 
condition for cp depends only on the values pi = vq{cPj). □ 


When working over a valued field, typically analytic germs are classified up to change of co¬ 
ordinates. Depending on the type of regularity desired for the change of coordinates, there are 
several classifications of this kind that can be found in the literature (see |Mil06| and references 
therein for dynamics in 1 complex variable, |Ste57[ IRR881 fBer06) for contracting automorphisms, 
[HP941 iFavOOl IBEK121 |Rugl3| for superattracting germs, |Aba01llAT05| for tangent to the iden¬ 
tity germs, and |HY8.31 iLinOdl|RugI5|l,TS09] for non-archimedean dynamics). 

Over the tropical semi-field T, the only change of coordinates that act as automorphisms on 
a neighborhood of oo e T'^ are permutations of coordinates composed with a translation. On the 
other hand, not all tropical monomials contribute to the value of a tropical germ in a suitably 
small neighborhood if oo, giving us a non-trivial equivalence relation on tropical germs. In the 
following, we are interested in the behavior of tropical maps / : (T‘^,oo) ^ (T'^jOo) on suitably 
small neighborhoods of oo. 


Definition 3.5. We refer to tropical germs as equivalence classes of convergent tropical maps 
/ : (T^^, oo) -> (T'^, oo), where we say that / and g are equivalent if for any {7, V where / and g 
are convergent, there exists a neighborhood W cU nV of oo so that f\w = g\w- 


Before stating a precise result, we need to fix some standard notation. 

Definition 3.6. Let I = (ii, ..., id), J = {ji,... ,jd) e be multi-indices. We say that / ^ J if 
ih ^ jh for all h = I,..., d. In other words, / ^ J if and only if J - / € We set 

V{I) = {JeN‘^ 

Notice that ^ defines a partial order on It naturally extends to a partial order on 
where K+ = [0, +oo). 

Definition 3.7. Let x = (xi,. .. ,Xd) be coordinates in and let p{x) = /\ ((/?/ + (J,x)) 6 T |x] 
be a formal power series. Define 


A4(p) '■= {I eN \ Pi + oo} 

the set of exponents that appear with a non-trivial coefficient in the expression of p. 
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Figure 2. 


Newton polyhedron for cj) from Example 


3.8 


The Newton polyhedron M{(p) of p is defined as the convex hull 

AfCt/?) = Conv I U 75(/)|. 

\l<iM{v) } 

The Newton diagram, denoted AAf{p), consists of the compact faces of the Newton polyhedron. 
We finally set 'VM{p) as the (finite) set AJ\f{p) nM{p). 

Example 3.8. Consider the polynomial 

(1) p{xi,X2) = (5x1 + X 2 ) A (a + 3xi + 2 x 2 ) A (xi + 3 x 2 ) a (4xi + 2 x 2 ) a (4xi + 6 x 2 ), 
where a 6 K (see Figure [^. 

In this case M.{p) = {(5,1), (3,2), (1,3), (4,2), (4,5)}, corresponding to the points in red, 
blue and green in the picture. For / = (4,5), the set V{I) is highlighted in blue, while N{p) is 
highlighted in red. The segment between (5,1) and (1,3) highlighted in red is AJ\f{p), while 
VAA((^) = {(5,1),(3,2),(1,3)}. 

Notice that the points in AJ\f{p) are the points of Af{p) which are minimal with respect to 
the order defined by 

Proposition 3.9. Let x = (xi,... ,Xd) be coordinates in , and let 

= f\{pi+ (/, x)) : (T"*, 00 ) ^ (T, 00 ) 

/eN'i 

he a convergent power series. Then there exists a neighborhood U 0 / 00 e such that 

(2) (p(x)s^(x):= /\ ((/?/ +(I, x)), 

/6VAA(V5) 

when restricted to U. 

Proof. Since p is convergent, there is a neighborhood 17 of 00 in which p is determined by just a 
finite number of monomials. Therefore, we may assume is a tropical polynomial. The tropical 
hypersurface = div((p) c T'^ defined by is a finite rational polyhedral complex of dimension 
d- 1, it is dual to the regular subdivision S{p) of the Newton polytope of p induced by its 
coefficients. The connected components of the complement of are in bijection with the integer 
points in the dual subdivision iS((/ 3 ). On a connected component of the complement, p is an 
integer affine function corresponding to a single monomial of p. 

In addition, we can choose a neighborhood U oi 00 such that the only connected components 
of the complement which intersect U correspond to monomials which are in the Newton diagram 
AJ\f{p). Therefore, on U the function p coincides with p from the statement of the proposition. 

□ 
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Example 3.10. Consider again tp defined by Q, see Example 3.8 Proposition 3.9 says that 
there exists a neighborhood {7 of oo where ip coincides with 


ip{xi,X2) = ( 5 a;i + X2) a (a + 3 x 1 + 2x2) a (xi + 3x2). 

The monomials that appear in the normal form are drawn in red and green in Figure 

The red points are the corner locus of AAf{ip), and for any neighborhood 17 of 00 there always 
exists a point x e 17 where the minimum in ip is attained only in the monomials corresponding to 
one of these points. 

The green point is the point in AAf{ip) which is not a corner. In this case, the monomial 
associated may not matter in the neighborhood of 00 , depending of its coefficient. In this case, 
notice (for Xj > 0 ) that: 

a + 3 xi + 2 x 2 = a + Xi + X2 + ( 2 xi + X2) > o + Xi + X2 + ( 4 xi A 2x2) = a + ( 5 xi + X2) a (xi + 3x2). 

Hence, if a > 0, we can erase this monomial and ip coincides with (xi,X 2 ) (5xi + X2)a(xi+3x2), 
while if a < 0, we cannot erase this monomial: for (xi,X 2 ) = (x, 2 r) we get 5xi + X 2 = Xi + 3 x 2 = 
7r > a + 7r = a + 3xi + 2 x 2 , and (r, 2r) ->• 00 when r + 00 . 


As a direct consequence of Proposition |3.9| we get 

Corollary 3.11. Let x = (xi,...,Xd) be coordinates inT‘^, and let f = (/i,...,/^) : (T‘^, 00 ) ^ 
(T‘^, 00 ) be a convergent germ. Then there exists a neighborhood U of 00 such that f\i/ coincides 
with 

fix) = {fiix),...Jdix)), 

where fk is a tropical polynomial with monomials whose exponents are in VAfifk). 

3.2. Properties of tropical and analytic germs. A tropical polynomial function / : T'^ 
describes the behavior of a generic algebraic map f ; ^ A° tropicalizing to it. The same holds 

for tropical germs. In some cases, if a property holds for a generic map (resp., germ) tropicalizing 
to ip then it holds for all maps (resp., germs) tropicalizing to it. For example, by Proposition 
|3.4| if a tropical germ is convergent then every analytic germ tropicalizing to it is convergent. 
Another example of this is the contracting property for germs, see Proposition |3.24[ 

Other times, we need to consider generic lifts. For example, let f,g : (T‘^, 00 ) ^ (T‘^, 00 ) be 
two tropical germs. Then for generic lifts f, g : (A'^, 0) ^ (A^^, 0) of / and g respectively, we have 
g ° f = Trop(g of). To prove this, it suffices to consider the case where g : (T'^, 00 ) (T, 00 ). 

Take f and g so that Trop(f) = / and Trop(g) = g. Then the coefficients of go f are some power 
series (pj on the coefficients of g and f. For a generic choice of g and f, the valuation of such 
coefficients is constant, given by the minimum of the valuations of the monomials in cpj. 

For specific choices of g and f, we may have cancellations, and Trop(g o i) t g o f, as the 
following example shows. 


Example 3 . 12 . Let f,g : (T^, 00) (T^, 00) be defined by 

/(xi,x2) = (xi + l,xi A (x2 + 2)), g{yi,y2) = {yi - 1, {yi - 3) a (y2 - 2)). 
Then g o /(xi, X2) = (xi, (xi - 1) A X2). Consider the lifts 

f(xi,x2) = (txi,axi + t^x2), g(yi,y2) = (cVi,c^yi + CV 2 )), 
with a € C*. Then 

gof(xi,X 2 ) = (xi, (1 + a)r^xi +X 2 ). 

If a = -1, then Trop(gof) + 50 /, while the equality holds for a 1 . 


We now introduce a few properties for tropical germs, and compare them to their analytic 
counterparts. 

Definition 3.13. Let / : (T'^jOo) -> (T‘^, 00 ) be a (formal) tropical germ. We say that 

• / is non-degenerate if every (formal) germ f : (A‘^,0) ^ (A‘^,0) which tropicalizes to / is 
invertible. 
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• / is weakly non-degenerate if there exists a (formal) invertible germ f: (A‘^,0) ->• (A'^,0) 
which tropicalizes to /. 


These two conditions depend only on the linear part of a germ /, as shown below. For a 
reference on determinants and singularity of tropical matrices, see 

Definition 3.14. Let A = (aij) e Ald(T) be a dx d matrix with entries in T. We recall that the 
tropical determinant of A is given by the expression 


d 

detT(A) = /\ 

<y^Sd i=l 


We say that 

• A is non-degenerate if there is a unique permutation cr e 

• A is weakly non-degenerate if detT(A) + oo. 


d 

so that detT(A) = 

i=l 


Of course, if a map is non-degenerate it is also weakly non-degenerate. The definitions of 
non-degenerate and weakly non-degenerate given for germs and linear maps are coherent, as the 
following proposition states. 

Proposition 3.15. Let / : (T‘^, 00 ) (T‘^, 00 ) he a (formal) tropical germ. Then / is non¬ 

degenerate (resp., weakly non-degenerate) if and only if its linear part is. 

Proof. Let A be the linear part of /, and let f be any lift of /. Denote by A the linear part of 
f. Since Trop(f) = /, we have Trop(A) = A. By properties of valuations, r'o(det(A)) > detT(A), 
where the equality holds when the minimum in the expression for detT(A) is obtained by a unique 
monomial. The statement of the proposition follows directly. □ 

Remark 3.16. Notice that as soon as a tropical germ / admits a lift f : (A‘^,0) -> (A'^,0) which 
is invertible, the same property holds for a generic lift. Indeed, the vanishing of the determinant 
of the linear part of a germ f is a codimension 1 condition in the space of germs tropicalizing to 

/• 


We will also need the following definition. 

Definition 3.17. Let A = (oij) € Ald(T) be a d x d matrix with entries in T. We say that 
A is positive (resp., negative) if whenever detT(A) = then sign(cr) is positive (resp., 

negative). Otherwise, its sign is undetermined. 

Example 3.18. The linear tropical germ / : (T^, 00 ) ^ (T^, 00 ) given by 

f{Xi,X2) = (Xi /\X2,Xi AX2) 

is weakly non-degenerate, but not non-degenerate. Indeed, its linear part is | q q jj and the 

tropical determinant expression detT(/) = (0 + 0) a (0 + 0) attains its minimum in two monomials. 
Another way to see it is that its lift f : (A^, 0) -!► (A^, 0) given by 

f(xi,X2) = (Xi +X2,Xi -X2), 

is invertible. However, the lift (xi,X 2 ) (xi + X 2 ,xi + X 2 ) of / is not invertible. 

Example 3.19. The tropical germ / : (T^,oo) -»• (T^,oo) given by 

f{xi,X2) = {xi A 2x2, Xi A 3 x 2 ) 

is not weakly non-degenerate. Indeed, any lift f: (A^,0) ^ (A^,0) is of the form 

f(xi,X2) = (axi + /3 x2,7Xi + (5x2), 

which is not invertible for any choice of a, (3,^,6 (whose evaluations by vq equal 0). 

Notice that the linear part {xi,xi) of /, denoted by A, has determinant detT(A) = 00 . 
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On the one hand, we have seen that the condition for a tropical germ / to be weakly non¬ 
degenerate corresponds to the fact that a generic lift f of / is invertible. On the other hand, a 
weakly non-degenerate germ may not be invertible as a map on the tropical space. Nevertheless 
we can define formal inverses of a tropical germ /, by taking the tropicalization of the inverse 
f-i of lifts f of /. 

Definition 3.20. Let / : (T'^, oo) ^ (T'^, oo) be a weakly non-degenerate tropical germ. We define 
a formal tropical inverse of / to be g with gi = Trop(gi) where g = and f : (A‘^,0) (A'^,0) 

is a germ at 0 satisfying Trop(f) = /. 

The canonical tropical inverse of / is obtained as the tropicalization g = Trop(g) of the inverse 
g = of a generic map f tropicalizing to /. We denote the canonical tropical inverse of / by 
f~^. Let TT : AT be the regular tropical modification along the tropical functions /i,... /d- 

Then f~^ is also obtained as Trop(D^), where f : (A'^,0) -> (A'^,0) is such that Trop(rf) = X, 
where Tf denotes the graph of f. 


Notice that formal tropical inverses need not be unique, while the canonical formal inverse is, 
since the tropicalizations of the inverse of a generic map f tropicalizing to / coincide. 

Moreover, a tropical germ / : (T^^, oo) -> (T'^, oo) has a unique formal inverse if and only if the 
divisors div(/i) intersect properly in some neighborhood of oo. In the case of linear maps there 
is a third equivalent notion concerning the minors of the associated tropical matrix. The proof 
of the next proposition is elementary and is omitted. 

Proposition 3.21. Let / : be a tropical linear map defined by a matrix A. The following 

are equivalent: 

(a) any subset of the divisors of the functions fi intersect properly in a neighborhood of oo; 

(b) for every minor of A, the minimum in the expression of the tropical determinant is attained 
only once; 

(c) the map f has a unique formal tropical inverse. 


Of course, the above conditions on the matrix A of a linear map to have a unique formal 
inverse are stricter than the non-degeneracy condition (see Example 3.311, with the exception of 
dimension 2. In this case they coincide. 


Remark 3.22. For a tropical linear map / : -»• the canonical formal inverse from Definition 

3.20| is actually a pseudo-inverse in the sense of semi-groups. This means that f ° g ° f = f and 


9°f°9 = g- 


We end this section by describing contracting germs. 

Definition 3.23. A convergent germ / : (T'^,oo) -> (T‘^,oo) at oo is contracting if for any 
neighborhood 17 of oo there exists a open neighborhood E £ 17 of oo such that f{V) d V. 

In the classical setting, a germ f ; (A'^,0) ^ (A‘^,0) is contracting (the same definition as 
above) if and only if the eigenvalues of the linear part of f have positive valuation. The next 
proposition will show the analogous property for tropical germs, and also provide a link between 
contracting tropical germs and contracting properties of their lifts. 

Proposition 3.24. Let f : (T"^, oo) (T"^, oo) be a convergent germ. Denote by A the dxd matrix 
with entries in T representing the linear part of f. The following conditions are equivalent: 

(a) f is contracting; 

(b) A > 0 for all tropical eigenvalues A of A; 

(c) generic lifts of f are contracting; 

(d) all lifts of f are contracting. 

Proof. Let / be a tropical convergent germ, and f any analytic germ tropicalizing to /. First 
notice that if f is a generic lift of /, then vq o f(x) = / o r'o(x) for all x 6 A^ close to oo. The 
equivalence between (a) and (c) easily follows. 
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Notice that (d) implies (c). The value I'd of (x) is constant for a generic choice of f, and could 
increase for special f. It follows that if / is contracting, then every lift f of / is contracting, and 
(a), (c), (d) are all equivalent. 

Tropical eigenvalues are the corner locus of the tropical characteristic polynomial Pa{^) of A, 
which is defined as the tropical determinant A a XI, see |ABG06) . |CG83| . 

We have that Pa is the tropicalization of the characteristic polynomial Pa for a generic lift A 
of A, or equivalently for the linear part of a generic lift f of /. Moreover, tropical eigenvalues of 
A correspond to the valuation of eigenvalues of a generic choice of A. This gives the equivalence 
between (b) and (c). □ 

Remark 3.25. Given a tropical germ / : (T'^, oo) (T'^, oo), the existence of a contracting lift 
f : (A'^,0) -> (A'^,0) does not imply that / is itself contracting. Gonsider for example the tropical 
germ in dimension 2 given by f{xi,X 2 ) = (xiAx 2 ,XiAx 2 )- This is a weakly non-degenerate germ, 
which is not contracting. However, the germ f(xi,X 2 ) = (xi + X 2 ,-xi + (t - l)x 2 ) tropicalizing 
to / is contracting. The reason is that for this specific choice there are cancellations of lowest 
order terms when computing the eigenvalues of the linear map f. This also explains the meaning 
of “generic” in Proposition |3.24[ 

Remark 3.26. Given a tropical germ / = (/i,..., fj) : (T'^ , oo) -> (T‘^, 00 ), we can consider the 
induced local dynamical system. When / is contracting, forward orbits are defined in a whole 
neighborhood of 00 , since there is a base of neighborhood 17 of 00 so that /"(17) c U for all 
n € N. This corresponds to the analogous property for any (generic) lift f of /. Notice that 
backward orbits are not necessarily defined everywhere, unless / is the tropicalization of a global 
automorphism f : A‘^ A'^. 


3.3. Tropical monomialization of weakly invertible germs. In this section, we consider 
how to lift a weakly invertible tropical germ f : T‘^ T‘^ to an isomorphism by passing to other 

models of the tropical affine space. In other words, we seek modifications tt : A c T" 

77 : F c T™ ->• and a monomial map A : T” T™ such that F{X) = Y and r]oF=foTTon the 
strict transform St(7r) c A in a suitable neighborhood of 00 . Let us first start with an example. 


Example 3.27. Let /: (T^,oo) -i- (T^,oo) be given by the linear map f{xi,X 2 ) = {xi ax 2 ,X 2 )- 
Let Ai := {{xi,X 2 ) e I xi < X 2 } and A 2 = {{xi,X 2 ) e | X 2 < Xi). Then f\Ai{xi,X 2 ) = 
{XI,X 2 ) while f\A 2 {xi,X 2 ) = {X 2 ,X 2 ). 


Gonsider the modification tt : A ^ along xi = X 2 - Then A c is an instance of Example 


2.6 (with rj = tt). The linear monomial map F{xi,X 2 ,u) = {u,X 2 ,xi) leaves A invariant, and 


satisfies 7roF = /o7ron the strict transform St(7r) c A. 


In general, it is not possible to find a modification tt : A ^ as above satisfying F{X) = X. 
Nevertheless, we can find two different modifications tt : A -*■ and rj ■■ Y -> so that / lifts 
to an isomorphism F: X ->■ Y, such that ?7 o_F=/o7ron the strict transform St(7r) in a suitable 
neighborhood of 00 . 


Example 3 . 28 . Gonsider the linear map f{xi,X2) = {ai+xi,{bi+xi)A{b2+X2)), with oi > 62 > 0 . 
Let f be a generic lift of /, and g = then g = Trop(g) is given by 

5(2/1,2/2) = (2/1 - «!, (2/1 + hi-ai- 62) A (2/2 - b2)). 

The modifications tt and 77 given by Theorem are along X2 = xi + bi - 62 and 2/2 = 2/i + ^1 “ 
oi respectively. Figure shows the dynamics of / on T^, and the dynamics defined by the 
monomialization F : X ->■ Y. Notice how the image of the modified line (in red) differs from the 
projection by 77 of the image by F of its lift (the red-shaded area). 


3.9 


we may 


Proof of Theorem^^ Given a tropical germ / : (T'^, 00 ) -»• (T‘^, 00 ), by Proposition 
assume that, in a neighborhood U of 00 , it is given by d tropical polynomials which we call 
fi,..., fd- Gonsider the sequence of regular modifications Hi : Xi Ai_i where Aq = and 
is the modification along the function fi, considered as a function T which is constant 
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Figure 3. Monomialization for f{xi,X 2 ) = (ai + cci, {bi + xi) a (62 + X 2 )), with 
oi > 62 > 0. 


on all but the first d variables. The space X c that results from this sequence of regular 
modihcations is a balanced tropical cycle containing the strict transform St( 7 r). 

Denote by {x,y) the coordinates on and consider the monomial map F{x,y) = {y,x). We 
claim that in a suitable neighborhood D of 00 , the tropical cycle Y := F{X) is obtained from 
via a tropical modification along functions 51 ,... where g = {gi,... ,gd) : is the 

canonical forma l inve rse of /. 

By Corollary I l.ll| we may find an invertible germ f = (fi,...,fd) : {A‘^,0) (A‘^,0), defined 

in some neighborhood U of 0, satisfying / = Trop(f) and Trop(rf) = X. Set g = f~^, and 
F ; A^'^ defined by F(x,y) = (y,x). Then on U we have 

Fo (id,f) = (f,id) = (id,g) of. 

Notice that the tropicalization of (id, f) is just the map (id, f)-x<-* {x, f{x)), which by construc¬ 
tion satisfies tt o (id, /) = id. Moreover, the restriction of tt : X -> to AT \ Exc( 7 r) is invertible, 
and its inverse coincides with (id,/). Upon tropicalizing the situation, and we get 


Fo (id,/) = (id,g) o/, and hence 77o F = / o tt on X\Exc(7r), 

for a suitable map y ■■ Y ^ (T'^,0). By continuity, this relation extends to St(7r). Again by 
Corollary 1.11 the modification 77 must also be along the functions gi = Trop(gi), and the 
theorem is proved. □ 


Example 3.29. Consider the germ 

( 3 ) f{xi,X 2 ) = {{l + xi) A 73x2, gxi A (1 + a;2)), 

where p, g € N satisfy pq > 2 . We shall show that this germ admits a monomialization locally 
at 00, but not a global monomialization. This is because there are no global automorphisms 
f ; A^ A^ tropicalizing to /. 

We modify along the lines given by /i and /2, obtaining a modification tt : X ^ T^. Then the 
strict transform of tt is given by 

St(7r) = {(xi,X2,'«i, 772) e | m = (1 + Xi) ApX2, U2 = qxi A (1 + X2)}. 
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Figure 4 . Monomialization for f{xi,X2) = {{xi + 1 ) Apx2,qxi a {x2 + 1 )), with pq > 2 . 


The canonical formal inverse of / is given by 

9{yi,y2) = [{yi -1) a (^ 2 - (p+ i)),(9?/i - (g +1)) a (?/2 -1)), 

Let ?7: y ->• be the modification along gi,g2- The strict transform of 77 is given by 
St(iy) = {{yi,y2,vi,V2) e | m + 1 = yi a {py2-p),V2 + 1 = {qyi - q)Ay2}. 
Set F(xi,X2,ui,U2) = (ui,U2,xi,X2)- We give a name to all facets of St( 7 r) and St(?7): 


A++ = {ui = Xi + l< PX 2 ,U 2 = X 2 + 1 < qxi}, 
A+- = {ui = CCi + 1 < PX 2 , U 2 = qxi <312+1}, 
A_+ = {ui = PX 2 < Xi + 1,U2 = X 2 + 1 < qxi}, 
A— = {ui = PX2 < Xi + 1, U2 = qXl < a^2 + 1}, 


B++ = {vi + 1 = yi < py2 - P,V2 + 1 = y2 < qyi - q}, 

B+. = {vi + 1 = yi < py2 - p,V2 + 1 = qyi - q < ^ 2 }, 

B.+ = {vi + 1 = py2 - p < yi,v2 + 1 = y2 < qyi - q}, 

= {vi + 1 = py2 - p < yi,V2 + 1 = qyi - q < 7/2}- 


These are the facets of St( 7 r) and St( 77 ). We denote by A+q the facets in X that contains A++nA+_, 
and analogously for ^_o, Ao+, ^o-- Finally, we denote by Ago the last facet of X, generated by 
the directions along m and U2- We use analogous notations for the facets in Y (see Figure]^. 

Let c = (ci,C 2 ) = This is the intersection point of the lines along which tt is a 

modihcation of T^. Let C = {( 371 , 372 ) e | a7i > ci,a72 > C 2 }. The image of facets in 7r“^(C') 
is depicted in Figure By construction, we have ? 7 oF = /o7ron St(7r). We claim that 
F(Xn7r’i(C')) ^ Y. 

Notice that on A++ we have ( 7 / 1 ,7/2, tii, 712 ) = F(a7i,X2,37i + 1 ,372 + 1) = (371 + 1 ,X2 + 1 ,37i,372). It 
follows easily that F{A++) = B++. 

On A+- we have (7/1,772 ,tii,712) = F( 37 i, 372 ,xi + l,qxi) = (a 7 i + 1 ,gxi,xi,X2). In particular 
7/2 = qyi - q and 771 + I = 7 / 1 . Moreover, qxi < X2 + 1 implies 7/2 ^ 772 + 1 - Finally, py2 - p> yi o 
pqxi - p > Xi + 1 , which holds if and only if (xi,X2) e C. It follows that F{A+_ n 7 r“^(C')) = i?+o, 
and analogously we get F{A-+ mr~^{C)) = Bo+. 

On A+o we have (i/i,772, 77 i,772) = F{xi,qxi - 1 , Xi + 1 ,772) = (371 + 1 , U2,Xi,qxi - 1 ). It is easy 
to check that F(A+o) c in this case. We may argue analogously for Ao+, and we are done. 

As stated above, the monomialization holds only on the preimage 7r“^(C'), and in fact globally 
F{X) is not contained in Y. 

Remark 3.30. The monomialization procedure is not unique. One reason is just that the 
function defining a divisor is only defined up to multiplicative constant. So in general we could 
have considered a,/3 € (K*)^^, and Fq,_p(x, y) = (a“^y,/3x). Here we use the following notation: 
if /3 =(/?!,...,/3rf) and x = (xi,...,Xrf), then /5x = (^iXi,...,/^^x^). Analogously for = 
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(a^ ^,..., ). We now have 

Fa,/3 ° (id, af) = (f, /3id) = (id, /3g) o f. 

Set a = i^o(a) = (t'o(ai),... ,vo(ad)), and analogously b = h'o{P). This corresponds to taking the 
tropical modification tt of along fi + Qi, the tropical modification ry of along gi + bi, and 
F{x,y) = {y-a,x + b). 


Sometimes the monomialization procedure may not be unique for less trivial reasons as well. 
We say a collection of tropical divisors of functions /i, ■ ■ •, /fc intersects properly in if 

codim Pi div(/i) = |J| 

for all subsets / c {1,..., d}. If the divisors of / do not intersect properly, then there is more 
freedom in choosing a monomialization than in the example above. Suppose we have just two 
functions fi,f 2 , and let /i, /2 denote their tropicalizations. Let tti : -> T”* be the modification 

along the function fi. We then have Trop(rfj) = Xi. To carry out the next modification 
712 • X 2 ->■ Xi so that X 2 is the tropicalization of the graph along both functions, we would 
need to know the image of the tropicalization of (id x ia la general, this tropical 

subvariety may not be the divisor of a tropical polynomial function, but of a rational function. 
In such a case, rational tropical modifications are required. 

If the divisors intersect properly then the tropical modifications tt : X along the functions 
fi are determined up to translation of X in T'^. Otherwise, the proof of Theorem makes a 
canonical choice of the liftings of the divisors at each step, in this case all divisors are defined by 
tropical polynomial functions. These modifications are alw ays realizable as the graph of a generic 
function f : A'^ ^ tropicalizing to / by Corollary 1.11 


Example 3 . 31 . Consider the following tropical matrix on the left and the lift of it over K on 
the right 


A = 


1 

0 

0 'I 

/ a 

b 

c 


00 

0 

0 

0 

II 

d 

e 


\ 00 

00 

0 J 

\ 0 

0 

/ 



Here the valuation i/q of all non-zero coefficients of the right matrix are 0 except for a which has 
valuation -1. The matrices represent linear maps / and f of and A^ respectively. Moreover, 
A is non-degenerate, since its tropical determinant is -1 which is obtained by only 1 monomial 
of the expression. The divisors of /2 = Xi A X2 and fs = a;i Aa;2 Aa:3 do not intersect transversally, 
so the tropicalization of the graph of f cannot be determined from just /. This amounts to the 
fact that the inverse of A contains the expression be - dc in one of the entries and for appropriate 
choices of coefficients we can obtain i'o{be - dc) > 0. 

3.4. Hopf manifolds and contracting germs. Here we are interested in the case when the 
above monomialization procedure produces an automorphism. This means that given a contract¬ 
ing germ / : T'^ ->• the monomialization procedure provides a modification tt : A ->• and an 
automorphism F : s atisfying 7 roF = /o 7 ron the strict transform St( 7 r) and such that 

we have some freedom to translate X c and adjust the maps 


3.30 


F{X) = X. By Remark 

accordingly. We infer the following criterium on / to get an automorphism by Theorem [B| 

Proposition 3.32. Let f : (T'^, 00 ) -»• (T‘^, 00 ) be a weakly non-degenerate tropical germ. Then 
there exists a modification tt : A £ T” ->• and a tropical contracting automorphism F : T” -»• T" 
such that F{X) = X and tt o F = f o tt on the strict transform St( 7 r) in a neighborhood of 00 if 
d d 

and only if ^ div(/i) = ^ div((yi), where f~^ = g = (ffi, ■ • •, gd) is the canonical formal inverse of 

i=l i=l 

/• 

Proof. The proof follows by the proof of Theorem]^ and from the fact that the condition div((yj) = 
div(' 0 ) is equivalent to (p = if + b ioi some constant 6 € M. □ 
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Figure 5. Section of the monomializations for / = {xi a 2x2 ^ 2x3, a; 2 , cca). 


Even if the monomialization procedure produces an automorphism as outlined in the above 
proposition, we may still not obtain a non-singular tropical Hopf data from a germ / : T'^ -»• 
for d > 2 , as the next example illustrates. 

Example 3.33. Consider the tropicalization of the germ f(xi,X 2 ,X 3 ) = (xi + x^ - X 3 ,X 2 ,X 3 ). 
The tropical divisor of the function /i = xi a 2 x 2 ^ 2 x 3 has 3 faces: 

Fi := {x 2 = X 3 < Xi/2}, F 2 := {xi = 2x3 < 2 x 2 }, F 3 := {xi = 2 x 2 < 2 x 3 }. 


The face Fi must be equipped with weight 2, the others are of weight 1. The only codimension 
1 face of div(/i) is given by Xi = 2 x 2 = 2 x 3 . Let tt : X -!► be the modification along /i. Then 
X will also have a face of weight 2 (depicted in blue in Figure]^, and thus X is not the germ of 
a non-singular tropical variety. 

Recall that by Proposition 1.10 X is the tropicalization of the graph of fi(xi,X 2 ,X 3 ) = (xi + 


■ x|). Consider the embedding i'. A? ■ 


■ A’5 given by 


*(xi,X2,X3) = (xi,X2,X3,fi(xi,X2,X3),X2 -X3). 

It can be calculated that X := Trop(i(A^)) c T® consists of 10 faces of dimension 3 all of which 
are of weight 1. Moreover, by Theorem we can lift / to an automorphism F : X ^ X and 
also to an automorphism F X X, whose action is described in Figure]^ (some intersections 
between faces in the picture associated to X do not exist; they are only apparent due to the drop 
of dimension in the drawing). 

Notice that a formal inverse of / is again /. In this case / is not contracting, but it suffices 
to post-compose / with the translation by ( 1 , 1 , 1 ) to get a contracting germ with the same 
properties. 


Hopf manifolds and tropical germs in dimension 2. In dimension two, the study of weakly non¬ 
degenerate germs is simpler, due to the explicit normal forms that we may deduce from Propo¬ 
sition 13.91 
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Proposition 3.34. Any weakly non-degenerate germ f : (T^,oo) ^ (T^,oo) ean be written (in a 
suitably small neighborhood U of oo) in the form 

f{xi,X 2 ) = ((ai +pixi) A (02 +^22^2), {bi + qiXi) A (62 + <722:2)), 


with ai, 02, &i, &2 6 K, Pi,P2,<7i,Q2 6 N* u {+00}, and pi a p2 = 9i ^ (72 = Pi a gi = p2 ^ 92 = 1- By 
convention, a+ px = 00 if p= 00 . 


The linear part of f is represented by L = 


[a2 + 6^ 


P2 


b2 + <5g. 


where Sp = 


|0 ifp=l 

00 if p + 1 


the tropicalization of the delta function. 

trT(i) > 0. 


Then f is contracting if and only if dei'f{L) > 0 and 


Proof. Since / is weakly non-degenerate, its linear part L needs to be weakly non-degenerate, 
meaning that either ( 1 ,0) € VAf{fi) and (0,1) 6 VAf{f 2 ), or (1,0) € VN{f 2 ) and (0,1) € VN{fi). 
Consider the first case (the second is completely analogous). We have that AA/’(/i) is either 
the point (1,0), or a segment with endpoints (1,0) and ( 0 ,p 2 ), with p 2 > 1. It follows that 
either VN{fi) = {(1,0)} or VN{fi) = {(1,0), ( 0 ,p 2 )}- Analogously, either VN{f 2 ) = {(0,1)} or 
VA/’(/ 2 ) = {(0,1), ( 91 ,0)}. By Proposition |3^ we conclude. □ 


The normal forms given above can also be stated in a more explicit way. 

Corollary 3.35. Any weakly non-degenerate germ f : (T^,oo) ^ (T^,oo) belongs to one of the 
following classes. 

The linear case: when pi,p 2 ,qi,q 2 6 { 1 ,°°}. In this case we can just write 
( 4 ) f{xi,X 2 ) = ((oi +a:i) A (02 + 2:2), (&i +2:1) a (&2 + 2:2)), 

where here oi, 02, &i, &2 e T, and ai + 62 00 or a 2 + bi + 00 to have a weakly non-degenerate germ. 

Denote by L = | the matrix representing f. Then trT(T) = oi a 62 and detT(T) = 

\a 2 02 J 


(oi H- 62) ^ (02 + bi). It follows that f is contracting if and only if Ui, 62,02 + ^1 > 0 . 

The positive non-linear case: where Pi = 92 = 1 o.'rid P2 and 91 are not both m {1, 00}. In this case 
we have 


( 5 ) f{xi,X 2 ) = ((ai + 2:1) A (02+^22:2), (bi + 9 i 2 ;i) a (62 + 2:2)), 

whose linear part L is triangular. In particular trT(T) = oi a 62 and detT(T) = (oi + ^ 2 ), and f 
is contracting if and only 7/ oi, 62 > 0. 

The negative non-linear case: where p 2 = 91 = 1 and pi and q 2 are not both in {l,oo}. In this case 
we have 


( 6 ) 


f{Xi,X2) = ((oi +P1X1) A (02 + X2), (61 +Xi) A (&2 + 922:2)), 


whose linear part L is anti-triangular (at least 1 of the two elements in the diagonal is 00 ). In 
particular trT(T) = (ai + (5^^^) A (62 + 6^^) and detT(T) = (<22 + bi). Moreover f is contracting if 
and only if ai + Sp ),b 2 + Si ,02 + &i > 0 . 


Following the proof of Theorem]^ and to apply Proposition 3.32 we need to compute formal 
inverses of the germs given by Corollary |3.35[ 

Proposition 3.36. Let f : (T^,oo) ->• (T^,oo) be a weakly non-degenerate germ, in its normal 
form as given by Corollary \3. j'dj 

The linear case: assume f is linear, given by case 0 of Corollary 3.35: hence represented by the 

matrix L = Then the canonical formal inverse g of f is the linear map represented by 

\ a 2 02 / 


L-i = 


62 - A 61 - A 
02 - A oi - A 


where A = (oi + 62 ) ^ (<22 + bi) is the tropical determinant of L. 
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Moreover, g is the unique formal inverse of f if and only if f is non-degenerate (i.e., if and only 

if ai + b2 * a2 + bi). _ 

The positive non-linear case: / is given as in Corollary 3.35 by (§. Then f has a unique formal 
inverse g given by 

9{yi,y2) = ((yi A (02 +^2^2 -^2^2)) -ai, (y2 a (61 + qiyi-giai)) - 62). 

The negative non-linear case: / is given as in Corollary \3.35 by ([^. Then f has a unique formal 
inverse g given by 

9 {yi,y 2 ) = ((y2 A (62 + 92^1-9202)) - &1, (yi a (oi +Piy2-Pibi)) - 02). 


Proof. In order to have a non-unique formal inverse, the divisors of the function must intersect 
non-properly in a neighborhood of oo. In dimension 2, this means that the divisors of /i and 
/2 must coincide, which only happens in the linear case when the matrix of A is weakly non¬ 
degenerate but not non-degenerate, i.e. Oi + &2 = ^2 + 6 i. The formal inverses are found directly, 
by taking a generic realization f of /, computing its inverse g, and tropicalizing to obtain g = 
Trop(g). □ 

Corollary 3.37. Let f : (T^,oo) ->• (T^,oo) be a weakly non-degenerate contracting germ. Then 
the monomialization procedure applied to f produces a dynamical system if and only if f is of the 
form 

f{xi,X2) = ((oi + xi) A (02 +P2X2), (^1 + qiXi) A (62 + 2:2)), 

with either: 

(a) P 2 , qi 6 {1, 00 } (i.e., f is linear), and either 02 = 61 = 00 (f is diagonal), or oi = 62 6 T; 

(b) p 2 = 00 , qi€ N* \{ 1 }, and 62 = qiOi; 

(c) qi = 00 , p 2 € N* \{ 1 }, and oi = (? 2 & 2 - 


Proof. To prove the above statement we compare the divisors of fi and gi, i = 1,2, where / = 
(/ 11 / 2 ) is given in its normal form in Corollary 3.35 and g = ( 51 , 52 ) is the canonical formal 
inverse of / as given by Proposition 13.361 

For the linear case, we deduce that the statement is equivalent to having {02 - 01,62 “ ^ 1 } = 
{02 - 62 , Oi - 61 }. If 02 = 61 = 00 , the condition is clearly satisfied. Assume not both 02 and 61 are 
infinity. Then the condition is satisfied if and only if oi = 62 . 

Suppose / is in the positive non-linear case, as in ([^. In the case p 2 = 00 , we have 

f{xi,X2) = (ai + xi, (61 + 5 ixi) A (62 +X 2 )), 

9 ( 91 , 92 ) = (yi - oi, (52 A (61 + 5 i 5 i - 5 iai)) - 62 ), 


where g = f~^ is the canonical formal inverse of /. The tropical modifications tt and rj given by 
the monomialization Theorem are obtained in this case along the tropical divisors supported 
on the affine lines 


2:2 = 512 : 1 + 61-62 and 52 = 5i5i + 61 - 5iai respectively. 


Since ai, 61,62 t 00, we deduce that tt and 77 coincide if and only if 62 = 51 oi, and we get case (b). 
The case 51 = 00 is completely analogous, and gives case (c). 

Assume that both p 2 and 51 are different from 00, and not both are equal to 1 . In this case 
one can check that the tropical modihcations tt and 5 given by the monomialization Theorem [B| 
are obtained respectively along the lines: 

( 2:1 + 01-02 ( 51+P262-02 

2:2 =-, 52 =-, 

P2 I P2 

2:2 = 512 : 1 + 61 - 62 , (52 = 5i5i + ^1 - 5iai. 


These divisors correspond (in the sense of Proposition 3.32) if and only if oi = P 262 and 62 = 51 O 1 . 
Hence oi = p 2 qiai. Since P 291 ^ 2, this implies that either oi = 0 or oi = 00 , in contradiction with 


the fact that / is contracting and non-degenerate, see Corollary 3.35 
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Suppose finally that / is in the negative non-linear case, as in ([^. As before, one can check 
that the tropical modifications tt and t] given by the monomialization Theorem are obtained 
respectively along the lines: 


\X 2 =pixi +ai- 02 , \y 2 = 922/1 + &2 - 9202 , 

Xi + bi-b2 1 yi+pibi-ai 

\X2= -, 2 / 2 = -, 

92 I Pi 

where we do not perform the modification along the line containing pi in its equation if pi = 00, 
and analogously for q 2 , while they cannot both be 00. It follows that these divisors correspond 
if and only if pi = 92 6 N* \ {!}, and (92 - 1)02 = 62 - oi = -{pi - l) 6 i. It follows that 02 + = 0, 

contradicting that / is contracting. □ 


In the cases of Corollary 3.37 the modifications X,Y of can be chosen to be equal so 


X = Y and then monomialization of the tropical polynomial function / : -> acts as an au¬ 

tomorphism F ■ X X. Therefore, the monomializations of these tropical polynomial functions 
produce Hopf data of dimension two as described in Definition [mi There remain cases when 
the modifications tt and ly do not coincide. In order to “monomialize” these germs in a dynamical 
way, an infinite number of modifications are necessary. This is postponed until Section [3.5[ 


Hopf manifolds and tropical germs in higher dimensions. Our aim is to describe an analogue of 
Corollary |3.37| in higher dimensions. By the characterization of Hopf manifolds given in Proposi¬ 
tion |2.12[ the description of normal forms given by Proposition |3.9[ plus the characterization of 
weakly non-degenerate matrices given by Definition |3. 14 we infer the following. 


Proposition 3.38. Let f = (/i,...,/^) : (T‘^, 00 ) ^ (T‘^, 00 ) be a contracting weakly non¬ 
degenerate germ. Assume the monomialization procedure described in Theorem induces a 
dynamical system F : X X, where X is a modification ofT‘^. Then for every j, there ex¬ 
ists an affine hyperplane Hj in such that: 

(a) for all j = l,...,d, VN{fj) c H^; 

(b) all Hj are parallel to one another; 

(c) Uj=i VA/’(/j) contains the canonical basis {ei,... ,ed} ofN‘^. 


Proo f. By hypothesis, (X, F) defines a (possibly virtually regular) Hopf data. By Proposition 
2.12 all 1-dimensional faces of X of sedentarily 0 are parallel to a vector w By the proof 
of Theorem 1^ the variety X is obtained from by modification along the divisors div(/j). By 
projection on T”*, all (sedentarily 0 ) 1 -dimensional faces of div{fj) are parallel to the projection 
of w. By duality, this means that all (bounded) 1-codimensional faces of AM(fj) are parallel to 
the hyperplane H orthogonal to v. By definition of VM{fj), assertions (a) and (b) follow. 

If by contradiction there exists i e {I,... ,d} so that Ci j. Uj=i ^M'{fj)^ then the f-th column of 
the linear part A of / would be ( 00 ,..., 00 ). It follows that detT(A) = 00 , which is a contradiction 
since / is weakly non-degenerate. □ 


Remark 3.39. Proposition |3.38| does not hold without the contracting assumption, not even in 
dimension d=2. As an example, consider the germ f{xi,X 2 ) = ixi/\p 2 X 2 , qiXiAx 2 ), with 7 ) 2 , 9 i e N 

0 

0 


and P 291 ^ 2. The linear part of / is 


/ 0 oo\ 

\oo 0 j’ 


hence / is not contracting. By Proposition 


3.36 


the canonical formal inverse of / is /“^ = /. It follows that the monomialization procedure of 
Theorem [B] induces a dynamical system A : AT Al, in a neighborhood of 00 but the conclusions 
of Proposition 3.38 do not hold for /, since we modified along two non-parallel lines {xi = P 2 X 2 } 
and {x 2 = qixi}. 


As we have already seen in dimension 2 by Corollary |3.37[ the conditions given by Proposi¬ 
tion |3.38| are not sufficient to guarantee we have a Hopf data defined by the monomialization 
process. In higher dimensions, explicit necessary and sufficient conditions are very complicated 
to formulate, as suggested by the following examples. 
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Example 3.40. Consider the linear map / : ->• defined by the matrix 



^ a b 

- b\ 

A = 

b 

\ b 


,b - 

b aj 


with a, 5 6 T. By direct computation, its tropical inverse is given by 




/a' b' - 

b' 

^b' - b' 


b'\ 

b' 
a'I 


•detT(A), 


a' = {d- l)(aA 5 ), 
b' = b + (d- 2 )(a a 6 ), 
detT(A) = d{a A b). 


It follows that the monomialization of / defines a dynamical system if and only if a < 5. 

Example 3.41. Let f : (A^^jO) ^ (A‘^,0) be a contracting (local) automorphism. Denote by vq 
the t-adic valuation on K = and 1-10 = the induced norm on K. Up to conjugacy, we 

may assume that f is in Poincare-Dulac normal form (see |Ste57l |RB,88I iBerOfil l: 

f(xi,... ,Xd) = (AiXi, A 2 X 2 + P 2 (xi),..., ArfXd + Pd(xi,... ,Xd_i)), 

where 1 > |Ai|q > ••• > IA^jIq > 0. The polynomials Fj have only resonant monomials: a monomial 
j-i j-i 

|~[ x))* appears in P^- only if Xj = A))*. 

/i=l h=l 

The tropicalization of f is of the form 

f(xi,...,Xd) = (Ai + a;i,(A2 + X2) A P2{xi),... ,{\d +Xd) a Pd{xi,... ,Xd^i)), 


where 0 < Ai < ••• < Ad < oo- The resonance condition says that a monomial ^ ihXh appears in 

h=l 


Pj only if Aj = ^ ikXk- 

jt=i 

Denote by fj : (T-^ , 00 ) ^ (T-^ , 00 ) the map given by the first j coordinates of /. A calculation 
shows that the canonical formal inverse of / is given by 


/ ■ ,yd) = (yi - Ai, (2/2 a P 2 (/i ^(yi))) - A2,..., (yd a Pd(/d-\(yi, ■ ■ ■ ,yd-i)) - Ad). 


Denote by gi,... ,gd the coordinate functions of g = / ^. By induction, one can show that 
P-A/’(/i) = VA/'(gj) for all j. But in general Zj=i div{fj) t Ej=i div( 5 j). 

As an example, consider the case d = 3, and A 3 = A 2 = 2Ai. We denote A = Ai. Then we have 

f{xi,X2,X3) = [xi + A, {x2 + 2A) A (e+ 2xi), ( 0:3 + 2A) a (ei + X2) a (eo + 2a;i)), 
y(yi,y 2 ,y 3 ) = |yi - \{y 2 a (e + 2?/i -2A))) - 2A, 

(ya ^ ((ei + y 2 - 2A) a (ei + e + 2yi - 4A)) a (eq + 2yi - 2A)) - 2a|. 

Hence we get that div(/j) = div(( 2 j) for j = 1,2, while div(/ 3 ) = div( 53 ) if and only if Eq < £+ei-2A. 

Example 3.42. Let / : (T^, 00 ) -»• (T^, 00 ) be a contracting weakly non-degenerate germ of the 
form 


fixi,X2,X3) = {{xi + a) A (x2 + b), {xi + c) A (a;2 + a), {x^ + e) a {uxi + £1) a {ux2 + £2))- 
Here a, 6 + c, e > 0, A := 2a a (& + c) € (0, 00 ), and u e N*. 
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The canonical formal inverse g = f ^ of / is given by 


5(2/1, y2,2/3) = |^(( 2 /i +a) A (y2 + &)) - A,((yi + c) A (?/2 + a)) - A, 

(2/3 ^ (^ 2/1 “ ^A + ((ait + El) A (cit + £2)) j A ^uy2 - uA + {{bu + £1) a (ait + ^2))) j ~ ® I' 


We deduce that div{fj) = div{gj) for j = 1,2 (it also follows from Corollary 3.37), while 
div(/ 3 ) = div(( 73 ) if and only if 


( 7 ) 


f £i - e + uA = (au + £1) a (cit + £2), 
£2 - e + uA = {bu + £1) A (au + £2). 


For example, if cu + £2 < ait + £1 and 6it + £1 < ait + £ 2 , then cit - ait + £2 < £1 < ait - 6it + £ 2 , and 
A = 6 + c. In this case the condition Q is satisfied if and only if 2e = u{b + c), i.e, if e/it is a 

(tropical) eigenvalue for the matrix A = | ^ ^ j, which represents the linear part of / restricted 


to the first two coordinates. This situation is analogous to a classical dynamical situation of 
resonances. See |Rugl3| for other examples of resonances where the linear part is not in diagonal 
or triangular form. 


3.5. Non-compact tropical Hopf manifolds. In the previous subsections we have seen how, 
starting from a contracting germ /j_(T‘^,oo) ^ (T‘^, 00 ), we can construct in a canonical way its 
monomialization. In fact, Theoremprovides two modihcations tt : A ->• and rj :Y T'^, and 
an isomorphism F : ->• which is an isomorphism restricted to suitable neighborhoods of X 

and y at 00 which lifts / in the sense that goF = foTron the strict transform St(7r). When the 
two modifications coincide (up to translation by a scalar), we say that this data is a “dynamical 
monomialization” of /, we get a tropical Hopf manifold. 

If the two modifications tt and 77 do not coincide, we can sometimes still find a dynamical 
monomialization of /, by performing an infinite (countable) number of monomialization. As the 
proof of Theorem suggests, to do this we need / to be obtained as the tropicalization of a 
global automorphism of A‘^ (which is contracting at 00 ). As the next example shows, the latter 
condition is not invariant up to equivalence of tropical germs. 

Example 3.43. We have seen that the tropical germ / : (T^,oo) (T^,oo) considered in 

Example |3.29| is not the tropicalization of a global automorphism. Nevertheless, / is equivalent 
to 

f{xi,X2) = ((1 + Xi) Ap(^X2 A {qxi - l)),qxi A {X2 + 1)), 

which is the tropicalization of a global automorphism f : ^ A^. In fact, f can be taken as the 

composition H 2 o Hi of the two Henon maps (see [FM89| 1: 

Hi(xi,X 2) = (tX2 +Xf,a:i), H2 (Xi,X2) = {tX2+t~PxP,Xi). 

We now describe the strategy to prove Theorem Assume we are in the situation described 
above. To obtain a tropical Hopf data in the sense of Definitionwe wish to find a modification 
of dominating both X and Y, i.e. g : W ^ and a monomial function h-W^W such that: 


h 
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A dominating modification always exists, namely we can take the modification along the union 
of the divisors of the modification tt and 77. Of course such a is not unique; any modification 
of W could also produce such a commutative diagram. There is a minimal such W. Assuming 
the divisors are all disjoint, then fi ■■ W ^ is the minimal such W. If some of the divisors 
happen to coincide then we only require modification once along each distinct divisor. 

Notice that h'.W^Wis not an automorphism. It is neither injective nor surjective, as some 
faces of W are contracted to edges in the image and some faces of W are not in the image of h. 
To rectify this, the idea is to continue to modify W to W^'^\ adding two types of faces. The first 
type of face is added to W so that the contracted faces of W have somewhere to land, and another 
kind of face is added so that they are sent to the faces of W which are not in the image of h. 
However, upon passing to this space IT^^^ this problem persists but now for different faces, and 
it requires us to modify again and again. Ultimately an infinite polyhedral complex is obtained 
(thus non-compact) in order to monomialize such a map. 

Proof of Theorem\^ Let / : ->• be a weakly non-degenerate polynomial, obtained as the 

tropicalization of a contracting global automorphism f : -!► A"^. Denote by /" = ..., 

the n-th iterate of /, with n € Z (in the case of n < 0 , /" = 3“" where g is the canonical formal 
inverse of /). We may pick f generic so that /"■ is the tropicalization of f" for all n e Z. 

The monomialization result from Theorem is obtained by taking the modihcations tt : X ->• 
along and rj : Y ->■ along f[~^\...,f^~^K The monomial map is given by 

F(xi ,..., Xd, Ml,..., Ud) = (ui ,..., Ud, xi,..., Xd)- To simplify notation we write F(x, u) = (u, x). 

The modification fj, '■ W ->• that dominates both tt and rj is given by modifying along 
and fj ~^^, with j = 1 ,..., d so that W c Denote the coordinates on by 

/ (-1) (-1) (1) (i)i 

and for simplicity by We will suppose that the modification W is given by taking 

the graph of f^~^^ in the coordinate and the graph of f^^^ in the coordinate. 

Set = W, then the action ^ is given by h{u^~^\x,u^^'>) = {x,u^^\ f{u‘^^'>)). 

Notice that is not an automorphism. We can iterate this procedure to obtain modifi¬ 
cations : IU(”) ^ and maps where c T^^^n+i) jg 

tained by modifying along for all 1 < i < d and |fc| < n. The map is of the form 
7j(")(y(-«)^ _ y(")) = /(u^"^)). Taking an inverse limit for n ^ 00, we get 

defined by a shift on the coordinates, that is an isomorphism. □ 

Remark 3 . 44 . Alternatively, it is possible to construct the infinite polyhedral complex from 
above by a gluing procedure. Notice that the map h still defines a bijection h ■■ A ^ B, where 
A,BcW denote the strict transforms associated to the modifications ry and tt respectively. We 
then consider an infinite number of copies IU„, A„, Bn, n e Z, and consider the space 

neZ 

where Wn ^ A„ 9 ^ ~ € Bn+i c IU„+i if m„+i = h(un). 

The action h W ^ W given by the shift Wn b u u e Wn+i then corresponds to the action 


Remark 3.45. The assumption that / is the tropicalization of a global automorphism is neces¬ 
sary. The same procedure above can be applied for any weakly non-degenerate germ / : (T‘^, 00) ->• 
(T'^, 00), but in this case, the map would be defined only on the preimage by of a suitable 
neighborhood C 7 of 00 e By iterating the process, would be defined only on the preimage 
by /i^"^ of /"“^(U), which tends to {00}, since / is contracting. 

In dimension 2 nevertheless, using the normal forms given by Corollary 3.35 it is easy to 

(T2 


2 nevertheless 
show that any weakly non-degenerate map / 


/:(T2,oo)-.(T2 


00) -»• (T^,oo) is equivalent to anothe r map 
) which is the tropicalization of a global automorphism (see Example 3 . 431 . 
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Figure 6 . Construction of W for f{xi,X 2 ) = {ai + xi,{hi+xi) a (62 + a; 2 )), with 
oi > 62 > 0. 


For any contracting germ / : (T^,oo) ->• (T^,oo) we can hence always construct dynamical 
monomializations. To construct the non-compact tropical Hopf surface associated to these data, 
the global automorphism f tropicalizing to a tropical map eq uivalent to / does not need to be 
globally attracting (as in the automorphism f Example 3 . 43 ). It suffices to consider the action 
of on a small (punctured) neighborhood of 00. 

We conclude this section with a specific example of the dynamical monomialization by an 
infinite number of modihcations. 


Example 3.46. Let f{xi,X2) = (oi + xi, {bi + xi) a (62 + X2)) with m > &2 > 0. Let tt : X T'^ 
and ?7: y ^ be the modifications constructed in the previous section and F : X ->■ Y he a lift 
of F. Both modifications are along a single divisor and they are both depicted in Figure]^ The 
modihcation rj '■ W ->• dominating both tt and 77 is depicted in Figure The color coding of 
this map shows which faces of W are contracted to edges by the map h (here depicted in light 
blue) and which faces of W are not in the image of h (depicted in white). 

In Figure]^ we modify along the image by h of the contracted face (the line depicted in light 
blue), and the preimage of the line obtained as the intersection between the face not contained 
on the image of h and h{W), obtaining a modihcation dominating 71, and a 

map This map satishes o = ho on the strict transform St(^^^^), 

where = fio . The color coding shows how also in this case we have a map which 
contracts a face (depicted in brown) and does not contain a face in its image (depicted in white). 

We iterate this procedure, obtaining an inhnite complex and an action 

W^°°\ that acts as a shift on the faces of In this case, topologically is a cone 

at 00 over an inhnite tree as in Figure]^ The action of restricted to the tree is given by 
a shift of the faces in the tree. The color coding describes the projection ->■ T^. 

Notice that there is an inhnite number of faces (the red ones) projecting to a single line (given 
by X2 = xi+bi- 62). 


4. Tropical Hope data and Analytification 

This section is devoted to studying the links between tropical Hopf data, tropical Hopf man¬ 
ifolds and the analogous objects in rigid-analytic geometry in the sense of Tate and Berkovich 
(see [VosQIj l. We start by recalling some basics on Berkovich and valuation spaces (see |Ber 90 ) . 
|F,T 04 ) . [J0S2])) and their connection to tropical spaces (see |Pay 09 | ). We then study which 
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Figure 7 . Construction of ior f{xi,X2) = {ai + xi,{bi + xi) a {b2 + X2)), 
with oi > 62 > 0. 





Figure 8. Section of for f{xi,X2) = (oi + xi, {bi + xi) a (62 + 2:2)), with 

ai > 62 > 0. 


(compact) tropical Hopf data are realized by classical Hopf data (see Definition 4 . 3 ). At last, we 
study skeleta of rigid-analytic Hopf manifolds, and their relations to tropical Hopf manifolds. 


4.1. Berkovich spaces and tropicalizations. In the following, K will denote an algebraically 
closed field of characteristic 0, endowed with a non-trivial rank-one valuation uq, whose value 
group is M. Notice that the latter condition can be always achieved up to field extensions. As 
an example, take the field of transfinite series K = C((t®)), i.e., series of the form 
where 4>k 6 C, and the set {fc € K | + 0} is well ordered, endowed with the t-adic valuation uq, 

uniquely determined by uo(t) = 1. We refer the reader back to Section for the conventions and 
definitions regarding tropicalizations. 

The analytification (in the sense of Berkovich) of the affine space is given by the set 
of seminorms I-] on K[xi,...,Xd] extending I'Iq = We denote by V(A‘^) the space A((„ 

seen as semi-valuations v ■ K[xi,. .. ,X(i] ^ (-00,+00] extending ug, the correspondence given by 
u(-) =-logH. 

It was shown in that the analytification of is homeomorphic to the limit of an 

inverse system of tropicalizations. Here we outline the construction we need in our setting. We 
refer to Payne’s work for details. 

For each embedding f: A^^ -*■ A”, there is a map pi ■ V(A'^) ^ given by: 

p*(u) = (u(yi oi),..., i/(y„ o i)), 

where (yi,..., y„) are the natural coordinates in A". The set of affine embeddings of A'^, denoted 
by I{A‘^), forms a poset with the order relation induced by equivariant morphisms A" -!► A™. 
Define 

r(A'^)= hm T^A-^). 
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The homeomorphism from |Pay 09 | is then given by, 

p= hm p, :V(A^) 

i6l(A‘^) 

The map pi ■ V(A‘^) -> Ti{A‘^) is related to the usual tropicalization map in the following way. 
There is the standard inclusion V{A^), which sends a point x e A"^ to the semi-valuation 

defined by where (j) s K[x]. Then the following diagram commutes, 

A-^ C-^ vCA'^) 

i Pi 

Example 4 . 1 . Consider the Berkovich line over K, in its valuation incarnation V(Aj^), see e.g., 
[Jonl 2 [ Section 3 ], [FJ 041 Chapter 4 ]. It is possible to describe all valuations in V(Aj^) in the 
following way. Let a = and fc e Ku {+oo}. Now construct a valuation i/a,r by first 

decomposing a polynomial P e K[z] as a product of linear factors of the form z - / 3 , for /3 e K. 
We set VoL,r\i. = 

= min{:/o(a-/3)T}, 

and we extend by linearity to any polynomial in IK[z]. This valuation corresponds to the ball of 
center a and radius e~'' with respect to the non-archimedean norm 1-10 = This represen¬ 

tation is not unique, and in fact Va,r = ^'/3,r if and only if r < vo{a - f 3 ). 

With respect to classical notations for Berkovich lines, the valuation r'a,r is of type 1 if r = +oo, 
and of type 2 if r € M. Notice that there are no points of type 3 , since i^o(IK*) = K, and no points 
of type 4 , since K is spherically complete (the intersection of any decreasing family of non-empty 
balls is non-empty). 

We can define a partial order on V(Aj^) by saying that i'a,r ^ t'/s.s whenever r < s and 
i^a,r = This partial order induces a structure of K-tree on V(Aj^), see again |F,T 04 ] . All 

points of type 1 are ends of the tree, and all other points are branching points. 

Given a subset S c V(Aj^), we denote by V(S') the convex hull of S, given by the union of all 
segments between elements in S. 

Example 4 . 2 . We can consider what is sometimes called the Berkovich projective line over K, 
denoted V(P^), by adding a point Vx, corresponding to the limit of i'a,r for r -oo, for any 
ct 6 K. Depending on the context, this valuation will be denoted in one of the following ways 
= Voo,+oo = Va-oo for all ct 6 K. The definitions of the partial order, tree structure, segments 
and convex hulls naturally extend to this setting. 

Consider the case of a finite set 5 ” c P^. We define the convex hull of S as the convex hull of 
{t'a.+oo I Oi 6 S'}. Then we can define a retraction rg : V(P^) ^ V(S) as follows. 

Let V = 6 V(P^), with ,3 € K and t € [-oo, +oo]. Set s = max{i/o (,9 - a) | a 6 S}, where 

voif^ - oo) = Then rs{v) = i'a,s, where a e S is so that vo{f 3 - a) realizes the maximum 

in the expression for s. Notice that rs is the identity on V(S). 

4.2. Realizing compact tropical Hopf surfaces. Starting with a tropical variety X c T" it 
may already be difficult to determine when it arises as the tropicalization of some variety X c A”. 
Here we are also asking about the realization of a map between tropicalizations X c T" and 
Y c T™. Recall that such a map is given by the extension of an integer affine map F : K" -»• K™ 
which preserves the sedentarity. One way of asking for a realization of A : X -> X is to seek 
embeddings i : A'^ ^ A” and j A‘^ ^ A™ and a map E : A" ->■ A™ such that 7 i(A‘*) = X, 
7 }(A‘^) = Y and F o Trop = TropoE. Suppose A : X -> X is the restriction of F : T" -»• T™ 
which is a linear invertible monomial map. If X = 7 i(A‘^) for some i : A'^ -*■ A", then clearly 
Trop(F(i(A‘^))) = X, and E(i(A‘^)) is the image of an embedding j = F o i: A‘^ A™. 
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Alternatively, we may begin with fixed affine embeddings so that = A c T” and 7 }(A‘^) = 

Y c T"*, and given a tropical map F : X ^ Y we may ask if there is a lift F of A such that 
F(i(A'^)) = ^(A^^). This turns out to be a more delicate question, which better corresponds to 
the dynamical setting. 

Indeed, in the dynamical situation, we start with an automorphism F : A -> A of a tropical 
variety A c T", where F is an integer affine mapping. In this case, we want to find an embedding 
i: A"^ -s- A" satisfying A = and a lifting F : A" -> A" of the map /, satisfying the property 

that F(i(A‘^)) = i{A‘^). We can think of this as an automorphism f : A”^ -*■ A‘^, defined by the 
relation i o f = F o i. 

Definition 4 . 3 . A realization of a tropical Hopf data (A, F) is a pair (i,F) where i ■■ A‘^ ^ A" 
is an embedding such that 7 i(A‘^) = A, Trop(F) = F and F(j(A‘^)) = ^(A^^). If such a pair (z,F) 
exists we say that (A, F) is realizable. 

Example 4 . 4 . We start from A c which is the hypersurface defined by the tropical polynomial 
u A {xi + b) A {x2 + a), where on we consider the coordinates {xi^X2tu). In other words it 
is a single modification of along the function (a;i + b) a {x2 + a). It follows that the possible 
embeddings i'. A^ ^ A^ such that A = 7 i(A^) are of the form 

*(xi,X 2 ) = (xi,X 2 , 7 Xi + 5x2), 

with I'D(7) = b and i'o{ 6 ) = a. The automorphism of defined by 

F(xi,X2,u) = {xi + a,u,X2 + 2a) 

leaves the space A invariant. The space A has three top dimensional faces, and one is left 
invariant while the other two are exchanged (the situation is similar to the one described by 
Figure with oi = 62 = a and bi = b). Moreover F is a contracting automorphism. The 
tropical space A and the map F come from the dynamical monomialization of the tropical germ 
f{xi,X2) = {a + xi,b + xiAa + X2). We can ask if the above tropical Hopf data (A, F) is realizable 
by a Hopf data over K. 

Since the map F is integer affine linear, any F such that Trop(F) = F has the form: 

F(xi,X2,u) = (MiXi, A/2U,M3X2), 

where r'o(Mi) = a,i'o{M2) = 0 and vq{M^) = 2 a. 

So we are seeking coefficients Mi and 7, S, so that F(i(A^)) = i(A^). It turns out that there 
is not much choice. By direct computation, 

F(z(xi,X2)) = (MiXi,M2(7Xi +(5x2),A/3X2), 

whose image can be written as 



This coincides with i(A^) if and only if Mi = - 6 M2. 

The embedding i and the map F induce an action f : A^ ^ A^ given by 

(xi,X2) (MiXi,7M2Xi - M 1X2). 

Hence the automorphism f of A^ which realizes the above tropical model is of a specific conjugacy 
class: a linear map with eigenvalues Mi and -Mi. 

The next proposition shows that only very specific tropical Hopf data in dimension two are 
realizable. The point is that if a 2 -dimensional tropical Hopf data (A, F) is realizable by a pair 
(f,F) there must exist curves in A^ with periodic orbits under the action of the germ f induced 
by i and F. 
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Proposition 4.5. Given a 2-dimensional Hopf data {X,F) where X c T" and F is an invertible 
contracting germ. Suppose X is not homeomorphic to and that {X,F) is realizable by a Hopf 
surface defined over K. by the germ i. Thenf is conjugate to f{xi,X 2 ) = {Xxi, fiX 2 ) where \^ = ffi 
for some kfi eN*. 

Proof. If {X,F) is realizable, then the boundary of the quotient dS{X,F) are tropical curves 
which are realized by curves in S'(X,F). They correspond to /-periodic curves in A^. The 
assumption of X not being homeomorphic to assures that there are at least 3 such curves. 

By the Poincare-Dulac classification of contracting germs f : (A^,0) ^ (A^,0), we have 

f(xi,X2) = (Axi,/rx2 + ex™), 

where 0 < t'o(A) < < +oo and e(p - A™) = 0. If e 0 there is only 1 curve in A^ with 

periodic orbit under the action of f, it is dehned by xi = 0 , and it is invariant under the action 
of f . Similarly if A* t pf for all positive integers fc, I, there are 2 curves in A^ periodic under the 
action of f. They are defined by xi = 0 and X 2 = 0, and again they are invariant. In either case 
we obtain a contradiction, which completes the proof. □ 

From Proposition |4.5| we directly infer: 

Corollary 4.6. A contracting invertible germ f : (A^,0) (A^,0) realizes a compact tropical 

Hopf data {X,F) if and only if it is conjugate to a diagonal linear map. 

We can go further and describe the tropical Hopf data {X,F) of dimension 2 which are 
realizable. Recall that by Proposition |2.12[ the tropical variety X is the cone over a tree T, and 
all 1-valent vertices of T are adjacent to unbounded edges. 

Theorem 4.7. For a germ f(xi,X 2 ) = (Axi,/xx 2 ) let D be the minimal positive integer such 
that there exists coprime fc, / 6 N* with A^^ = If no such D exists set D = 0. Then a tropical 
Hopf data {X,F) of dimension 2 is realizable by i (up to conjugacy) if an only if the underlying 
tree T and action h.T->-T induced by F satisfy one of the following: 

(a) D = 0 and T = [-oo, cx)] with h = id; 

(b) D = 1 and T is any metric tree with h = id; 

(c) D >2 and there exists a maximal segment I £T (possibly a point) where h\i = id/ such that 
every point inT\I has exact order D. 

As an easy consequence of this theorem, we get 

Corollary 4.8. For any tropical Hopf data {X, F) of dimension 2, there exists n € N* so that 
(X,F^) is realizable. 

Before proceeding with the proof of Theorem |4.7[ we need a lemma. 

Lemma 4.9. If (i,F) is a realization of a 2-dimensional tropical Hopf data {X,F), then there 
is another embedding i' and monomial map F' realizing a tropical Hopf data {X',F') such that: 

• {i'j = 0} are irreducible curves; 

• X' is a cone over a tree T' which is isomorphic to T over which X is a cone; 

• the action h’ '.T' ^ T' induced by F' is conjugate to the action of h onT induced by F. 

Proof. Consider the functions whose divisors are the irreducible components of the divisors of 
functions ij and the embedding i : A^ ->• extending i given by also embedding along those 
additional functions. The tropicalizations 7/ and Ti yield isomorphic metric trees T and T. 
The projection map onto the first n coordinates contracts no leaves of T. It also contracts no 
bounded edges since if it did there would be a vertex of T c which is locally reducible, again 
contradicting the fact that X is non-singular. 

Now the projection of A" onto the last N-n coordinates gives an embedding i' satisfying that 
ij = 0 are irreducible curves. Also 7)' is non-singular since it can be obtained by modification 
along a collection of irreducible non-singular tropical curves. By the same argument as above. 
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since Tl' is non-singular, the tree T' associated to the tropicalization of 7i' is again isomorphic 
to T and hence to T. The induced actions h, h and h' all coincide. □ 


Proof of Theorem [23 The first case is clear, since if D = 0 the only periodic curves under the 
action of f are Hi = {a;i = 0} and H 2 = {x 2 = 0}. Conversely, every diagonal tropical Hopf surface 
given by the data X = T'^ and F a translation is realizable. 

Now suppose that (X, F) is a tropical Hopf data realized by an embedding i ^ A” 
and a monomial map F : A" -!► A" whose action corresponds to that of a germ f with D > 1. 
Consider the projection of X n K" in the cone direction. This quotient is a tropical curve T in 
]^n-i ^ ... ,n„). The tree T is isomorphic to the compactification of this tropical curve 

given by adding a point at the end of each unbounded ray. The fact that X is non-singular 
implies that the tropical curve T is locally irreducible. 

The ends of the leaves of T correspond to the tropicalization of the intersection between 
X = z(A^) and coordinate hyperplanes {y^ = 0}. They correspond to (not necessarily irreducible) 
curves in A^, given by {ij(xi,X 2 ) = 0 }, where i = (ii,... ,i„). 

If the curve defined by {ij = 0} is not irreducible, each component must still be reduced 
otherwise the tropicalization 7) would have weights, implying that X is not non-singular. Notice 
also that the tropicalization of any two irreducible components of {ij = 0 } must be distinct curves 
in otherwise again 7) would have faces with weights greater than 1. By Lemma 
assume that the curves defined by {ij = 0 } are reduced and irreducible. 

We now proceed with the assumption that {ij = 0} is an irreducible curve for every j = 1,..., n. 
Since i is an embedding (on a neighborhood of 0), we mu st h ave that there exists ji,j 2 so that 
(ijijij^) give local coordinates for A^ at 0. In Proposition 4.5 we deduced that up to conjugacy 
f(xi,X 2 ) = (Axi,/xx 2 ), and also that there exists a minimal D e N* for which for 

some k,l e N* coprime. The only periodic curves in A^ for f are Hi = {xi = 0}, H 2 = {x 2 = 0} 
and Ca = {x 2 = axj^} for a e K*. Set 


4.9 


we can 


^’a(xi,X2) = X 2 - ax^, Po(Xl,X2) = X2, (Xi, X 2 ) = Xi, 


and IK = IK u { 00 }. Then for any j = 1,..., n, we have ij is equal up to constant to some Pq, with 
a € IK. 

Notice that if we endow the coordinate xi with the weight I and X 2 with the weight k, then Xi, 
X2 and Pa with cy. 6 K* are weighted homogeneous polynomials of degree 1 , k and kl respectively. 
This weighted homogeneous structure induces the cone structure on X = Ti{A‘^). 

Up to rescaling the coordinates corresponding to Xi and X 2 , i.e., up to replacing xi and X 2 
by yi\ and X 2 , we may assume that all components of i are weighted homogeneous of degree kl. 
This does not change the structure of T as a metric tree (although it changes the metric itself, 
the two metrics are equivalent). 

Denote by pr : X -> T the natural projection. Then T = pro:/(i(IK)) and P, where i = 
(A, ... ,i„), and if ij = Pa, then ij = Pa, with 

Pao{z) = 1 , Pa{^) = z - CK for all a 6 K. 

Let S be the set of all a e so that ij = Pa for some j, and S = S' u { 00 }. We now require the 
following lemma. 


4.1 


We need to show 


Lemma 4.10. The tropicalization i'Q(i(fK)) is isomorphic (as a metric tree) to the convex hull 
V(S). 

Proof. Consider the tropicalization map pj: V(P^) ^ T" defined in Section 
that: 

(a) p.(V(pi))=p.(V(%and 

(b) Pi is injective on V(S). 

Let iz be an element in V(P^), and consider the retraction r-g : V(P^) ^ V(S), defined in 
Example 4.2 Then pi{v) = Pi{r^{v)) for all v 6 V(P^), and (a) is verified. 
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Consider now two valuations + Then we are in one of the following situations: 

• 1/1 = VoL.r and V2 = i/a,s, and r i= s € [- 00 , + 00 ]. In this case, i^i(z - a.) = r + s = 1^2(2 - ol), 
and piivi) + Pi{v 2 ). 

• vi = i/a^r and 1/2 = 1 /( 3 ,s, with a ^ € S' n K, and r,s > t'o(/9 - o:) =: t. In this case 
z/i(z - a) = r, 1 / 2(2 - a) = t and 1 / 1(2 - (3) = t, 1 / 2(2 - (3) = s. The values for these two 
polynomials coincide for vi and V 2 if and only if r = s = t, which would imply vi = 1 / 2 - We 
infer that Pi(vi) + Pi(v 2 )■ 

Hence (b) is satisfied, and the proof of the lemma is complete. □ 


Proposition 4.11. The metric tree T is isomorphic to the convex hullV(S). 


Proof. If 00 e S, we get S = S and we are done by Lemma 4.10 Suppose 00 ^ S. Set t = 


umi{vQ(a.-(3) | q;,/ 3 e S}, which corresponds to -logdiam(S). Let / = [i/oo,i/a,t], where a. is any 

element in S. Notice that I = V(S)\V(S). We want to show that pr(p-(/)) = {w(Pi('^a,t))}■ 
In fact, for any r € [- 00 , t], we have that pi(i/ct,r) = (r, - ■ ■ ,r), and its projection on T does not 
depend on r. □ 


Q,., with a' = ^a. 


Proposition 4.11 describes the structure of the tree T. The action h induced on T by / 
corresponds to the action induced by f on V(P^); it is given by the action of f on the curves 
{Hi, H 2 ,Cct, a 6 K*}. Notice that Hi and H 2 are fixed by f, while f (Cq.) = C, 

In particular Cq. is periodic of exact period D. 

li D = 1, all curves are fixed, and h is the identity: we get case (b). If £> > 2, we get case (c). 
In fact, the set of fixed points I of h corresponds to the set V(S) n [i/ff^,i/H 2 ], where i/Hj is the 
curve valuation associated to Hj. 

This concludes the description of necessary conditions to be realizable. Notice that if h and 


T satisfy one of the conditions (a,b,c), then (X,f) is clearly realizable. See Examples 4.14 4.15 
|4.16| |4.17|for explicit constructions. 


□ 


Remark 4.12. Suppose that > 2 in the statement of Theorem 4.7 If / [- 00 , 00 ], then we 


must have at least one curve of the form Ca which is smooth at 0, i.e., we must have either k 
or I equal to 1. If moreover I is bounded, we must have two such curves Ca and C (3 so that 
(x 2 - q:xJ,X 2 - /3xJ) are local coordinates of at 0. This implies k = I = 1. 

Example 4.13. Not all tropical Hopf data are realizable. Consider the Hopf data (X,F) given 
by Example 2.6 Then (X,F) is realizable if and only if F is the composition of a permutation 
a and a translation, where a is either the identity, or has at most two fixed points and the other 
periods of a are all of the same size. 

As an example, we may take n = 5 and a = (12)(345). Notice that (X,F^), (X,F^), and also 
(X,F^) are realizable. However, (X,F) is not. 

Example 4.14. Consider the germ f(xi, X 2 ) = (Axi, px 2 ) with A = and p = t^, so that A^ = 
With respect to the notations used in the proof of Theorem |4.7[ we have k = 3,1 = 2, D = 1. 

The curves which are periodic under the action of f are Hi = {xi = 0}, H 2 = {x 2 = 0}, and 
Ca = {x 2 = ax^}. In fact, all of these curves are fixed by f. Consider now as an example the 
embedding i: ^ given by 

i(xi,X2) = (xi,X 2 ,X 2 -Xi,X 2 - (1 +t)Xi,X2 - (1 + t + t^)Xi,xl - (1 - t)x.l,xl - txf) . 

Set X = Ti(A^) the tropicalization of A^ with respect to i. Then AT is a cone over a tree, 
depicted in Figure 9A Let F : A^ ^ A^ be the map 


F(yi,..., yr) = (iVi, ^^ 2 , t^ys, t®y4, i^ys, t^ye.t^yi ), 

and F its tropicalization. Then (X,F) is a Hopf data, realized by (^,F). 
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Figure 9. Graphs over which X is the cone for a two dimensional realizable 
tropical Hopf data {X,F) from Examples 


4.14 


4.15 4.16 4.17 


Example 4.15. Consider the germ f(xi,X 2 ) = (Axi,px 2 ) with A = t and fi = , so that A"^ = 

jj?. With respect to the notations used in the proof of Theorem 4.7 we have k = 2,1 = 1, D = 2. 

The periodic curves by f are Hi = {xi = 0}, H 2 = {x 2 = 0}, and Ca = {x 2 = ctx^}. Notice that 
i{Ca) = C-a- Consider now as an example the embedding i^ A® given by 

i(Xl,X 2 ) = (xi,X 2 ,X 2 -Xi,X 2 +xJ,X 2 - (1 +t)Xi,X 2 + (1 + t )Xi, X 2 - tx^, X 2 + tx^) . 

Set X = Ti(A^) the tropicalization of A^ with respect to i. Then AT is a cone over a tree, 
depicted in Figure 9B Let F : A® ^ A® be the map 

F(yi, ■ • •, ys) = -^^ 4 , -^Vs, , 

and F its tropicalization. Then {X,F) is a Hopf data, realized by (i,F). 

Example 4.16. Consider the germ f(xi,X 2 ) = (Axi,/i.X 2 ) with \ = t and jjb = where C is a 
primitive H-root of unity, D >2. Then A® = /x^, and with respect to the notations used in the 
proof of Theorem |4.7[ we have k = 3,1 = 1. 

The periodic curves by f are Hi = {xi = 0}, H 2 = {x 2 = 0}, and Ca = {x 2 = ctxf}. Notice that 
f(C„) = C'c„. 

Consider now as an example the embedding i: A^ ^ A^^^ given by 

i(xi,X 2 ) = (xi,X 2 -t^X®,X 2 -Ci^X®,...,X 2 -C^"^i^X®). 

Set Xi = Ti(A^ ) th e tropicalization of A^ with respect to i. Then X is a cone over a tree, 
depicted in Figure 9C Let F : A^^^ ->■ A^^^ be the map 

F(yi,...,yi+D) = {tyi,Ct^yi+DXt^y2, ■ ■ ■ Xt^yo), 

and F its tropicalization. Then {X,F) is a Hopf data, realized by (x,F). 


Example 4.17. Similarly to Example 4.16 we consider the germ f(xi,X 2 ) = (Axi,/xx 2 ) with 
X = t and fi = X, where is a primitive H-root of unity, D >2. In this case A^ = /x^, and we 
have k = I = 1. Consider the embedding x: A^ ->■ A^'®, given by 

x(xi, X2) = (x2 - Xi, X2 - Cxi,..., X2 - C^“^Xi, X2 - 2 t“xi, X2 - 2 Crxi,..., X2 - 2 C^“ 4 “xi), 

where xt € K. The tropicalization X = 7i(A^) is a cone over a tree T, depicted in Figure [9D| Let 
F : A^^ ^ A^^ be the map 


F(yi, ..., y2D) = iCtyoXtyu- ■ ■, (tyD-i,Cty2D,CtyD+i,- ■ ■, (ty2D~i), 
and F its tropicalization. Then (X, F) is a Hopf data, realized by (x, F). Notice that the segment 
/ = Fix(/i) is a bounded segment for all xx e K, and reduces to a point when xx = 0. 


Remark 4.18. Notice that tropical Hopf manifolds that cannot be realized by primary Hopf 
manifolds, cannot be realized even by secondary ones. Secondary Hopf manifolds are obtained 
by considering the quotient of A‘^ \ {0} by the cocompact, free and properly discontinuous action 
of a group G. Assume we have an embedding x : A"^ ->• A", and that the action of G extends 
to an action on A" that leaves X = x(A‘^) invariant. By a theorem of Kodaira’s, G contains a 
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contraction f, which generates an infinite cyclic subgroup of G of finite index. In particular G 
is generated by f and some torsion elements g. The tropicalization g of g on T" will act as a 
permutation of coordinates. In particular, the action induced by g is not free. Denote by X the 
tropicalization of X. Then the quotient of X \ { 00 } by the action of G cannot produce a tropical 
manifold. 


Remark 4.19. In this section we used the fact that K has characteristic 0. In positive char¬ 
acteristic, normal forms of contracting automorphisms f : (A'^,0) ->• (A‘^,0) coincide with the 
ones given in characteristic 0 (see [VosQll Theorem 1.1], |Rugl3[ Theorem 2.7], |Rugl5[ Remark 
7.2]). In dimension d=2, the study of periodic curves of a germ f defined over a field of positive 
characteristic is similar to the situation in characteristic 0. Notice that a family of periodic curves 
for f, would induce a family of non-constant meromorphic functions on the Hopf surface induced 
by f. By |Vos91l Theorem 1.3], the new phenomenon in characteristic p is given by the maps 
f(xi,X 2 ) = (Axi, A'"x 2 + ex™), where we get the family of meromorphic functions 

Qa = x^ - ax™ - eP^^x)"^^'^^X2, 

for some a € K. Denote by Cq, the curve defined by {Qa = 0}. It is easy to show that f(C'„) = 
G^^mip-i). Since 1^0 (•^) > 0, the only curve of this form that is periodic by f is given by a = 0. 
Therefore, for fields of positive characteristic one can make statements similar to Theorem |4.7| 


Remark 4.20. Realizations can be considered also for non-compact tropical Hopf varieties. 
In this c ase, h owever, in general there is no cone structure as given by Proposition 2.12] (see 
Example 4.211, and the geometry of the total space considered in Subsection 3.5 is much 


more complicated than the compact case. 

In the case of surfaces, using the normal forms described by Proposition |3.34[ we can notice 
that if / : -s- is the tropicalization of a global automorphism f, then the corresponding 

has a cone structure. In fact, the only contracting weakly non-degenerate germs which do 
not come from a global automorphism are of the form © with P 2 'Zi ^ 2, or §) with Pi <72 > 2, see 
Example |3.29| 

So in dimension 2 we may apply the same arguments used in the proof of Theorem 4.7 to get 
a description of the geometry of as a cone over some tree T with infinitely-many leaves. 

Leaves of T correspond to a set of irreducible curves, given by (the irreducible components of) 
the intersection between and coordinate hyperplanes. The cone structure implies that 

there exists weights l,k on xi,X2 coordinates in A^ so that any such irreducible component is a 
(irreducible) weighted homogeneous polynomial in xi,X 2 . Up to multiplying by a constant, they 
are either Poo = xi, Pq = X2 or of the form Pq = X2 - ax[ for some a € K*. Set G^ = {Pa = 0} for 
all a 6 K, and denote by S the set of a e IK so that Ca is one of the curves described above. As 
before, the shift induces an automorphism on S. 

Now, notice that if f(xi,X 2 ) = (Axi,/xx 2 ) is diagonal, then for all a 6 K* we get f(CQ,) = Ga', 

where a.' = fjiOL, while f(C'o) = Gq and f(C'oo) = Goo- 


4.7 


If kvQ{\) = li/o(/x), we may either have only periodic curves, when A^ = p} as in Theorem 
or we may have no periodic curves, even though r'o(a) = t'o(a'). 

If fcr'o(A) + Zr'o(/x), we have i^o(a) + h'Q{a'). In this case we need to have 0 and 00 in S, to 
ensure the existence of the retraction to the convex hull of S. 

In the non-diagonalizable case f(xi,X 2 ) = (Axi,A™X 2 + ex™), we get f(CQ.) = Ga' with 
a' = a + A^™e for all a € IK, and the only periodic curve is Goo = f(C'oo)- 

Considering the iterates of f, we get f^{Ga) = Ca^^, where = a. + nA^™e. Notice that 
v^ioLn) is bounded away from - 00 , and the convex hull of S is closed in this case. 


Example 4.21. Consider the global automorphism f : A^ ^ A^ given by 

(8) f(Xi,X2,X3) = (tXi,tX2 +Xi,tX3 + Xi +X 2 ), 

and its tropicalization /. The modification tt : X ^ of Theorem is obtained along two 
divisors, one whose support is {x 2 + 1 = 2xi}, and the other is supported on the union of {x^ + 1 = 
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xi}, { 2:3 + 1 = X 2 } and {xi = X 2 }- Notice that the direction of the intersection between the last 
3 planes is (1,1,1), which is not tangent to the first plane. It follows that X is not a cone, and 
consequently is not a cone. 

Remark 4.22. By Poincare-Dulac theorem, we know that any contracting automorphism is 
analytically conjugated to a germ f : (A‘^,0) ^ (A'^,0) in Poincare-Dulac normal form. These 
normal forms are triangular, in the sense that the fc-th coordinate of f only depends on the first 
k coordinates. In particular, f defines a global automorphism, and is also triangular. Denote 
by Ai, ..., Ajj the eigenvalues of the linear part of f, and set 

V= n I (n, 2 :) = 0}. 

This is a vector space of dimension > 1 containing a vector a € Then it is easy to check that 
every divisor of fk contains the line generated by a for any a € V. It follows that has a 

cone structure whenever / is the tropicalization of a Poincare-Dulac normal form. 

4.3. Connections to rigid analytic Hopf manifolds. Here we make a link between tropical 
Hopf surfaces and non-Archimedean Hopf surfaces which were studied in |Vos91| . 

An automorphism f ; A"^ ^ A'^ induces an automorphism f* : V(A'^) ^ V(A‘^) by f*p,(</)) = 
° f). The action of f* on V(A‘^) can be connected to tropicalizations as follows. Given 
embeddings f: A'^ -*■ A" and j : A'^ ^ A", let F : A" ^ A" be a regular map such that F o i = j o f. 
Then it is easily shown that the following diagram commutes even if F is not equivariant with 
respect to the natural action of (K*)", 


VCA'^) 

Pi 


■ V{k^) 


Pj 




Sj. For a 


In cases of particularly nice tropicalizations, the maps Pi,Pj admit sections s 
point X € 7i(A‘^), let mi{x) = 771 ^( 42 )( 2 ;) denote the multiplicity of the tropicalization 7i at x 
(see Definition 1.5). The following theorem is phrased in order to apply it to non-singular 
tropical varieties described in Definition |1.2[ In general, the conditions of the intersection of 


the tropicalization with the boundary strata are weaker. 


Theorem 4.23 ( |GRW 1^ Theorem 10.6], [GRWlSi Gorollary 8.15]). Let Z c 7i(A'^) c T" be 
such that the multiplicity of the tropicalization, mi(x) = 1 for all x € Z, and that Z n M" is of 
the expected dimension for all subsets I c n}. Then the map x Si{x), where Si{x) is 

the unique Shilov boundary point of p~^{x), defines a continuous section Z ->• V(A‘^). If Z is 
contained in the closure of its interior in 7i(A'^) nK”' then Si is the unique continuous section of 
Pi defined on Z. 


■ V{A^) 



V(A'^) 


When we have such sections, we can consider the action induced by f* on Si{Ti{A^)). In general 
however, f* does not define a dynamical system on Si{Ti{A^)), not even if Ti{A^) = Tj{A‘^). 

Proposition 4.24. Let f ; A"^ ^ A^^ be a globally eontraeting automorphism and i : A^ ^ A" 
be an embedding such that i{A‘^) is not contained in a subspaee of A‘^ and there exists a map 
F : A” ->• A" satisfying F o j = z o f. Suppose that pi : V(A'^) ->• 7i{A^) admits a seetion Si on a 
neighborhood Lf of 00 , given by Theorem 4-23 Then f*(si(C/)) c Si{U) if and only if F is an 
invertible linear monomial map. 
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Proof. Suppose that the map F is equivariant, and let F = Trop(F). We can write F(xi,..., x„) = 
(aiXo.(i),... ,a„x^(„)). Since o f* = Fo we infer f*(p 7 ^(a;)) = p~^{F{x)) for a point x eU. 
In particular, if p e p~^{x) then 

vo{ak) + Xcr{k) = f*p{ik) = p{ik ° f) = M(xfc o F o i) = p{akia(k)) 

for 1 < fc < n. Finally if p is a Shilov boundary point of p~^(x), then f*p € p~^{F{x)) is a Shilov 
boundary point of p“^(F(a;)). It follows that c Si{U). 

Suppose now that f*(si(17)) c Si{U), and set F = p^of* osi, which leaves X = 7i(A‘^) invariant. 
Then F = Trop(F). If f*(si(C/)) c Si{U) then F = Trop(F) must be a monomial map. Otherwise 
a neighborhood of 7i(A‘^) could not be invariant under F, since is not contained in an 

equivariant subspace of A". □ 


Proof of Theorem 0 If f is a diagonalizable contracting automorphism, we take coordinates 
(xi,X 2 ) so that f is a diagonal linear map on such coordinates. By applying Proposition 


4.24 


to the trivial embedding id : A^ ^ A^, we get a section s : V(A^). The map 

r = s o p : V(A^) -> s(T^) is then a retraction, that induces a retraction on the level of Hopf 
surfaces. 

If f is a resonant contracting automorphism, we take coordinates so that f is in Poincare- 
Dulac normal form f(xi,X 2 ) = (Axi, A'"x 2 + ex™) with e 0. Its tropicalization f{xi,X 2 ) = (A + 
Xi, (mA + X 2 ) A (e + mxi)) satisfies the hypotheses of Corollary 
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so there exists a modification 

TT : Af T^, and an automorphism F : ^ so that f o TT = ttoF on St(7r) = {ui = 

(mA + a; 2 ) A(e + ma;i)}. Notice that all points in X have multiplicity 1. Explicitly, F{xi,X 2 ,ui) = 
(a;i + A, ui,X 2 + mX). 

By Theorem a resonant germ f does not realize any tropical Hopf data. This corresponds to 
the fact that for any choice of F tropicalizing to F, and of an embedding i(xi,X 2 ) = (xi,X 2 ,X 2 - 
ax™) with a 6 K*, i'o{ot) = e - mA, we have that F o i{A^) is not contained in i(A^). In fact, for 
any n e Z, we get 

f”(xi,X2) = (A”xi, A”™(x 2 + n£A^™x™)). 


Nevertheless we can proceed as in Subsection |3.5| and Remark 4.20| We consider the sequence of 
embeddings : A^ ->■ A x n e N, given by 


j(xi,X 2 ) = (xi,X 2 - neA 


, X 2 + neA ™x™). 


Denote by (x,y_„,...,y„) the coordinates of A x For any n > n', there are natural 

projections pr„ „/ : A x A^"^^ Ax A^" so that = pr„ oi„. We may consider the inverse 
limit ioo : A^ -s- AxA^. If (x, y„)„gz are coordinates of AxA^, then is defined by xoioo(xi,X 2 ) = 
and Yn ° ioo(xi,X 2 ) = X 2 - neA~™x™ for all n e Z. The map Foo : A x A^ Ax A^ given by 


Xl 


. O to 


XO Foe = Ax and y„ o Foe = A y„+i, satisfies loe o f = Fo 

Consider X^ = 7i^(A^), and let poe ^ V(A^) ^ X^ be the tropicalization obtained as the 
inverse limit of the p„ = pi^ for n ->■ 00 . Since all = 7i„(A^) are regular (all points have 

Pn admits a section s„ : ^ V(A^). Its inverse limit Soo : 

Again, the map roo = Soo ° Poo ■ V(A^) ^ Soo(Aoe) is then a 


4.23 


multiplicity 1), by Theorem 
AToo ^ V(A^) is a section of p, 
retraction. We clearly have Soo ° Foo = f* ° Soo, where Foo is the tropicalization of Foo. It follows 
that Coo induces a retraction from the Hopf surface associated to f to the non-compact tropical 
Hopf surface induced by (Aoo, Foo ) ■ D 


Remark 4.25. The same argument used in the proof of Theorem can be used to study 
connections between analytic and tropical Hopf surfaces in other situations. For example, if f is 


diagonalizable, Theorem 4.7 gives a list of trop ical Hopf data (A, F) that are realizable by f. If 
X has multiplicity 1, we can use Theorem 4.23 to construct a continuous section s: X ->■ V(A^), 


and conclude as above that the Hopf surface associated to f contracts to the image of the section 

six). 
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Remark 4.26. Theorem 4.23| and Proposition 4.24| hold in all dimensions. To apply them 
and obtain a retraction of the analytifications of Hopf manifolds to tropical manifolds in higher 
dimension, some difficulties arise. 


As noticed in Example 3.41 there could be no (compact) tropical Hopf data attached to a 
contracting resonant germ f in dimension > 3. This problem can be solved by considering 
non-compact tropical Hopf data, which always exists, since Poincare-Dulac normal forms 
are global automorphisms (see Remark 4.22). 

Even if we can hnd a dynamical monomialization of a tropicalization / of a germ f, 
we could end up with a tropical space X where not all points have multiplicity 1 (see 


Example 3.33). This provides added interest to resolving tropicalizations of multiplicity 


greater than 1 by further modifications, as in |CM14] . 


5. Geometry of tropical Hope manifolds 


We finish by discussing the geometry and topology of tropical Hopf manifolds and a comparison 
to their classical counterparts. Firstly, the topology of a tropical Hopf manifold S{X,F) depends 
on both X and F, however, it is clear that we have the following: 

Proposition 5.1. Every tropical Hopf manifold S{X,F) has homotopy type S^. 

5.1. Picard group and divisors. Complex primary Hopf manifolds have a Picard group iso¬ 
morphic to C* (see |Ise60l Theorem 3], or |BHPVdV041 Section V.18]). In the setting of rigid 
geometry (see [VosQll Proposition 3.1]), an analogous statement holds: the Picard group of a 
analytic primary Hopf surface over a field K is isomorphic to K*. Here we prove the analogous 
statement in the tropical setting. 

We take as the definition of the tropical Picard group Pic(S') := Here 0*g is the 

sheaf of groups given by tropical invertible regular functions on S. For U c 0*{U) consists 
of functions which coincide with integer affine functions on [/ n -> M and which do not attain 
the value oo when extended to U. Equivalently, if I is the union of sedentarities of all points 
X e U then 0*{U) consists of integer affine functions given by tropical Laurent monomials not 
involving Xi for i e F 

Example 5.2. Let Ui, U 2 be an open cover of \ { 00 } given by 

Ui = {{xi,X 2 ) \ X 2 <xi + l} and U 2 = {{xi,X 2 \ X 2 > xi - 1}. 

Then 

O* {Ui) = {a + kx 2 I a e K and k el,} and O* {U 2 ) = {a + kxi | a € M and fc e Z} 

0*{Ui n U 2 ) = {a + kxi + 1x2 | a 6 R and k, I 6 Z}. 

Proposition 5.3. Let S be a diagonal tropical Hopf manifold. Then 

Pic(S') = K. 

Proof. Recall that a diagonal tropical Hopf manifold is obtained as the quotient of T'^\{oo} by 
the action of a translation F : by a positive vector a = (oi,..., a^) e (K* )‘^. Denote by 

pr : \ { 00 } ^ S the natural projection. 

Any 1-cocycle r on S' with coefficients in Og can be pulled back to a 1-cocycle r on \ { 00 } in 
the standard way. To do this, let us suppose that r is defined on the covering {Ua} of S and the 
value onUaf^Up is Tap. This covering induces a covering {Ua} of T'^\{oo}, where Ua = pF^{Ua) 
for all a. Then the value of r on I/q, n C/g # 0 is Tap = Tap ° pr. 

The 1-cocycle t is a coboundary since all bundles on T" \{oo} are trivial. Hence there exists 
a function T : T‘*\{oo} -»• T‘^\{oo} so that ST = t. The map T is determined up to additive 
constant, and is unique if we impose r(0,..., 0) = 0. We now define the map I from 1-cocycles to 
R, as 1{t) = T{F{x))-T{x) for any x eT‘^\ { 00 }. Since r is a 1-cocycle in S, its lift t is invariant 
by F, hence t = ST = S{T o F), and T and ToF differ by a constant, hence 1{t) does not depend 
on X, nor on the choice of T. 


40 




















Figure 10. Construction of the cycle in dimension d = 2. 


The map I : C^{S, 0*g) K descends to cohomology as an injective morphism, since if r = dcr 
for a = {S,0*g), then t = Sa, where a is the lift of a, satisfying a o F = a. Hence 1{t) = 

a{F(x)) - a(x) = 0. 

Lastly, we show that the map I ■ H^{S,Og) K is surjective. To do this, we first construct a 
tropical cycle Z' in for any r € M, as Z' = divTd(<i)r), where 

. .Xd) = (xi A . . .Xd A r) - (xi A . . .Xd A 0), 

see the right side of Figure where the values of are explicitly indicated. 

Denote by = pr,^ Z' the push forward of Z' on S (the left side of Figure[l0|), and let Tj. = [Z^] 
be the 1-cocycle associated to Zr on S. We claim that l{Tr) = r. 

In fact, its lift % is the 1-cocycle associated to the divisor It follows that 

TV = dTr, where Tj.{x) = ^ ° F^{x) - o F”(0)). Hence 

KTr)='Z{^r°F^^\x)-^r°F^{x))= lim (F”(x)) - (F’"(x))) = r - 0 = r, 

neZ n^+oo 

and we are done. □ 


From the last part of the above proof we obtain the next corollary which says that every 
element of Pic(S') can be represented by a codimension 1-tropical cycle in S. This is not the case 
for classical Hopf surfaces over a field (see |Dab821 Theorem 3.1]). 

Corollary 5.4. Every line bundle on a (diagonal) tropical Hopf manifold S{X,F) has a tropical 
section, i.e., can he represented by a tropical divisor. 

5.2. {p, ( 7 )-homology of Hopf manifolds. Lastly we look at the tropical {p, q)-homology groups 
of a diagonal Hopf manifold S of dimension d. Definitions of tropical (p, g)-homology can be found 
in jlKMZj ■ |MZ14| . or the more introductory [BIMS15] . 

For tropical (diagonal) Hopf manifolds, we get the following statement. 


Proposition 5.5. Let S be a tropical diagonal Hopf manifold of dimension d. Then we have 




K 

0 


if{p,q) e {(0,0),(0,l),(d,(i- l),(d,d)}, 

otherwise. 


Remark 5.6. In particular, the numbers hp^q{S) = dim(L/p ^(F)) can be arranged in the diamond 
shape found below. These numbers are the same as the dimensions of Dolbeaut cohomology 
groups of a complex Hopf manifold (see |Ise601 Theorem 4(c)]). Because of the lack of symmetry 
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about the vertical axis in the diamond, the tropical Hopf surface provides a simple counter¬ 
example to Conjecture 5.3 from [MZ14| . 

1 

0 1 
0 0 0 


0 0 0 
1 0 
1 

Proof. The manifold S is obtained as a quotient of T'^ \ {oo} by the action of a translation / by a 
positive vector a e The stratification of T'^ induces a stratification on S. We now describe 

all faces of S. Then for any I + d}, we have a face r/, of dimension d - |/|, obtained by 

quotienting Tj\{oo} by the action induced by /. A stratum Tp contains another stratum tj in 
its closure if and only if /' £ /. Strata are depicted by Figure 11A| when d= 3. 

Denote by Pp{Ti) the p-tangent space of S at the face r/, and by pp{I',1) : JFp(r/') ^ Pp{Ti) 
the maps between p-tangent spaces associated to a stratum t/< dominating tj . It is easy to check 
that 

Ppin) = AP{Rf) and Pp{l\l) : Ap(M‘^') ^ Ap(K?) 
is the natural projection. In particular Pp{Tj) = 0 and pp{I',I) = 0 whenever |/| > d - p. See 


see 


Figure IIB for multi-tangent spaces in dimension d = 2. 

For p = 0, we have iJo,g(-S') £ Hq{S,R). Since S is homotopically equivalent to 
Proposition 5.1), we get Ho,q{S) £ M for g = 0,1, and it is null otherwise. 

For p = d, we get Pp{Tj) = 0 for all I + (d. It follows that Hj_^q{S) = Hq{S,dS). Notice that 
S is homeomorphic to x where is a closed {d- I)-dimensional ball. It follows that 
dS is homeomorphic to x By a direct computation using the long exact sequence for the 
homology of pairs, we get Hd,q{S) =R if q = d,d- 1, and 0 otherwise. 

For p = 1,..., d - I, we proceed as follows. Let A be the interior of a fundamental domain for 
F in and B be the translation of A by a/2, where F is the translation by a € Let A and 
B be the images of A and B by the natural projection \ {oo} ^ S. Then S = Au B and AnB 
consist of two connected components. 

Firstly, A and B are two copies of the interior of a fundamental domain W° of the action of 
F. Moreover, the two connected components of An B are W° where W is, up to translation, 
the fundamental domain rescaled by some homothety. Therefore, the subsets A, B and each 
connected component of A n i? all have the same (p, g)-homology groups. Directly calculating 
the tropical homology groups of A we obtain, F[p^q{A) = K for (p, g) = (0,0) or {d,d- I), and 
Hp q{A) = 0 otherwise. Therefore, we also have Hp q{B) = Hp q{A n i?) = 0 for p = 0 or d. It can 
be checked that these are the same homology groups as for T‘^\{oo}. 

For a fixed p there is a Mayer-Vietoris long exact sequence for the (p, g)-homology groups, 

- ^ Hp^qiAn B) ^ Hp^q{A) 9 Hp^q{B) ^ Hp^qiS) ^ Hp,q.i{An B) ^ - 

Using the above long exact sequence and the above calculations we have that Hp q{S) = 0 for all 
q when pi= 0,d. This completes the calculation of all tropical homology groups. □ 


Remark 5.7. Tropical homology groups remain invariant under modifications of non-singular 
tropical manifolds, see |Sha] . Therefore the statement in Proposition 5.5 remains valid for Hopf 
data which are modifications of a diagonal Hopf data. We expect that taking finite quotients also 
does not effect the above calculation, which would imply that all tropical Hopf manifolds have 
the same tropical Betti numbers. 


42 


















— - ^ = (ei) , oo 


7-0 


•^1(7-0) 

•^2(7-0) 



(61,62) 
(61 A 62) 


= ( 62 ) 

n 


(B) Strata and multi-tangent spaces for d = 2 


Figure 11. Strata and multi-tangent spaces on a fundamental domain for a 
tropical diagonal map. 
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